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Complexity Control Facilitates Reasoning-Based
Compositional Generalization in Transformers

Zhongwang Zhang, Pengxiao Lin, Zhiwei Wang, Yaoyu Zhang, Zhi-Qin John Xu

Abstract—Transformers have demonstrated impressive capa-
bilities across various tasks, yet their performance on composi-
tional problems remains a subject of debate. In this study, we
investigate the internal mechanisms underlying Transformers’
behavior in compositional tasks. We find that complexity control
strategies—particularly the choice of parameter initialization
scale and weight decay—significantly influence whether the model
learns primitive-level rules that generalize out-of-distribution
(reasoning-based solutions) or relies solely on memorized map-
pings (memory-based solutions). By applying masking strategies
to the model’s information circuits and employing multiple
complexity metrics, we reveal distinct internal working mech-
anisms associated with different solution types. Further analysis
reveals that reasoning-based solutions exhibit a lower complexity
bias, which aligns with the well-studied neuron condensation
phenomenon. This lower complexity bias is hypothesized to be the
key factor enabling these solutions to learn reasoning rules. We
validate these conclusions across multiple real-world datasets,
including image generation and natural language processing
tasks, confirming the broad applicability of our findings.

Index Terms—complexity control, transformer, initialization
scale, compositional task, reasoning, memorizing

I. INTRODUCTION

Large-scale transformers [1] demonstrate unprecedented ca-
pabilities [2]-[5], even noted as “sparks of AGI” [6]. Despite
their success, significant gaps remain in their reasoning abil-
ities, particularly when tasked with systematically handling
novel scenarios. For instance, language models often struggle
to consistently apply logical rules or extend their knowledge to
unfamiliar contexts, highlighting their limitations in systematic
reasoning, a critical aspect of human cognition [7], [8].

A key challenge within systematic reasoning is composi-
tional reasoning, i.e., the ability to generalize from known
concepts to novel combinations. Humans demonstrate remark-
able proficiency in this domain, and once a child learns the
concept of “skip”, they can easily understand extensions like
“skip backwards” or “skip around a cone twice” [9]. This
compositional skill, integral to human reasoning, has been a
central point of contention for neural networks. While modern
models achieve remarkable performance on various tasks, their
ability to perform compositional reasoning, especially in out-
of-distribution (OOD) scenarios, remains limited [10]-[15].
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This raises critical open questions about how to faithfully
interpret transformers’ capabilities on compositional tasks: do
transformers genuinely learn compositional primitives within
the data, or do they primarily rely on memorizing input-
output mappings? When they fail on compositional tasks, are
their errors systematic, or do they reflect a deeper lack of
reasoning structure? Addressing these questions is crucial for
understanding their mechanisms and limitations. Furthermore,
understanding these issues can inform strategies to enhance
model generalization, particularly in OOD scenarios.
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Fig. 1. The schematic diagram of dataset design. The dataset consists of
key tokens, integers ranging from 20 to 100, combined with anchor pairs,
which represent arithmetic operations. Each data point is formed by pairing
a key token with an anchor pair, and the target is the result of applying the
anchor pair’s operations to the key token. The training set and ID test set uses
disjoint combinations of seen anchor pairs, while the OOD test set involves
unseen anchor pairs formed from operations seen during training. The model
is trained on the training set and evaluated on both ID and OOD test sets to
assess generalization.

To investigate the limitations and potentials of transformers
in compositional reasoning, we adopt a synthetic experimental
approach inspired by model-experimental systems in natural
sciences. Analogous to how simplified model organisms in
biology, like fruit flies or mice, enable mechanistic insights
into complex neural systems, our setup leverages anchor func-
tions as interpretable and controllable benchmarks to study
reasoning in transformers. A key feature of our dataset design
is its precise partitioning, which ensures a perfect separation
among training data, in-distribution (ID) test data, and OOD
test data as illustrated schematically in Fig. 1. A detailed
description of the data construction process is provided in
Fig. 2. This setup allows us to systematically probe models’
generalization capabilities in distinct scenarios, revealing not
only the conditions under which compositional generalization
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succeeds but also the mechanistic underpinnings of their
reasoning behavior. Furthermore, this approach ensures rel-
evance to real-world challenges, where reasoning over unseen
combinations of known elements is often critical, such as
in language understanding, decision-making, and generative
tasks. Our main contributions follow.!

Data Construction for Compositional Reasoning (Sec-
tion III): We propose a novel data generation framework
that carefully structures input sequences to clearly distinguish
between training data, ID test data, and OOD test data.
This enables a rigorous examination of model generalization
capabilities across different scenarios, from seen to unseen
combinations of operations, offering a clean separation that
supports the investigation of compositional generalization.

Impact of Complexity Control on Model Reasoning
(Section IV): In this study, complexity control refers to
the strategic adjustment of parameter initialization scales and
weight decay coefficients to influence the model’s complexity
and reasoning abilities. Our experiments reveal that strong
complexity control, namely small initialization and large
weight decay coefficients, significantly enhances the model’s
ability to learn compositional primitives in complex tasks. This
improvement is particularly evident in OOD generalization,
where the model is better able to handle unseen combinations
of operations. We categorize the results into three phases,
demonstrating how different levels of complexity control lead
to varying reasoning abilities and generalization patterns.

Mechanism Analysis and Complexity Validation through
Masking and Structural Probing (Sections V and VI): We
conduct a comprehensive analysis of the internal mechanisms
of transformer models by applying masking strategies to
various components, including key tokens and anchor pairs, to
elucidate how different phases of the model fit the data. This
investigation reveals the underlying factors driving the differ-
ences in reasoning capabilities across phases. Furthermore,
we assess model complexity through neuron condensation,
namely weights of different neurons condensing in a few
directions, structural organization of embedding matrix, and
rank-based analysis. These approaches shed light on how
model complexity influences reasoning behavior and validate
the role of complexity control in guiding models toward
simpler, rule-based representations.

Real-World Application and Model Behavior Prediction
(Sections VII and VIII): Finally, we demonstrate the practical
relevance of our findings by applying our approach to several
real-world tasks, including diffusion models and language
processing tasks. With complexity control, we observe notable
improvements in OOD generalization performance on these
tasks. Furthermore, based on our understanding of the model’s
behavior across different settings, we are able to predict its
behavior during the training process.

This study is an extension of our conference paper [16].
The main improvements over the preliminary version are: i)
We have extended the experimental setup and conducted new
experiments, resulting in more refined phases compared to the
original study. Additionally, by introducing a novel masking

ICode is available at: https://github.com/sjtuzzw/complexity_control.

strategy, we can clearly delineate the differences in model
mechanisms across these phases. These enhancements enable
a more detailed analysis of model behavior and provide a
clearer understanding of both ID and OOD generalization. ii)
Through a unified complexity analysis, we combine multiple
metrics and employ the rank-based perspective to gain deeper
insights into how complexity control affects the model. This
complexity analysis is closely linked to the model’s ID and
OOD performance and the underlying mechanisms across
different phases. With these insights, we can predict the
training behaviors of models under various configurations.
iii) Additionally, we have extended the validation to image
generation and real natural language tasks, thereby enhancing
the practical relevance and generality of our findings compared
to the original paper’s focus on synthetic language data.

II. RELATED WORK

Recent advancements in large language models (LLMs)
have showcased remarkable capabilities, often surpassing hu-
man performance [17], [18]. However, despite their impressive
performance on single-step reasoning tasks [19], transformers
struggle with multi-step compositional tasks and OOD gener-
alization [20]-[27]. Ramesh et al. [28] show that transformers
trained to directly compose capabilities struggle to generalize
to OOD tasks with a synthetic task. Liu et al. [29] suggest that
shallow transformers learn shortcuts during training, leading
to poor OOD generalization. Numerous studies have explored
various approaches to address these limitations, such as en-
couraging explicit reasoning step generation within a single
generation [30], leveraging LLMs to generate reasoning steps
iteratively [31], [32]. Despite these efforts, achieving complete
mastery of compositional tasks remains a significant challenge
for vanilla transformers. A series of works study the internal
mechanisms of language models and improve the capabilities
of language models [33]-[36]. In order to clearly study the
behaviors and internal mechanisms of language models, Zhang
et al. [37] introduced anchor functions as benchmark functions
for investigating transformer behavior. Our work builds on the
anchor function setting to explore how different initialization
scales affect model solutions and mechanisms.

Compositional tasks are equally crucial in diffusion models.
Due to the difficulty of including all possible combinations of
concepts in a dataset, the success of compositional tasks de-
termines whether diffusion models can be applied to complex
real-world scenarios for image generation. A series of works
[38]-[44] have investigated the compositional generalization
capabilities of off-the-shelf text-conditioned diffusion models.
Modern diffusion models are often capable of composing
complex concepts to generate entirely novel objects, but they
also fail unpredictably when combining seemingly equally
complex concepts. A line of research [45]-[48] has specifically
examined compositional generalization in diffusion models
through synthetic experimental setups. Okawa et al. [45]
introduce a “concept graph” framework to analyze how models
learn to combine basic attributes, such as shape and color, to
generate OOD samples. They emphasize an interesting failure
mode in specific settings, where the model loses its ability
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to generalize compositionally, a limitation that persists even
after fine-tuning. In our work, we demonstrate that adjusting
initialization scales effectively resolves this failure mode. This
result highlights the universal applicability of complexity con-
trol across different models and tasks, providing new insights
into improving the compositionality of generative models.

The parameter initialization of the network is important to
determine the fitting result of the network [49]-[57]. Luo et
al. [58], Zhou et al. [59] mainly identify the linear regime
and the condensed regime for two-layer and three-layer wide
ReLU NN, respectively. A series of works suggests that the
condensed networks are often accompanied by good gener-
alization ability of the model [60]-[63]. A line of works
links the grokking phenomenon with the improvement of
generalization capability [15], [64], [65] and points out that
the initialization scale has an important influence on the
occurrence of grokking [66]. Most of these studies focus on
ID generalization, investigating how models transfer to new
data within the same task. Some suggest that only larger
initialization scales impair generalization compared to default
initialization. Our work focuses on OOD generalization, which
demands stronger reasoning capabilities to uncover underlying
patterns. While effective ID generalization is achievable, we
find significant variation in models’ reasoning abilities and
mechanisms under different configurations, often requiring
initialization scales much smaller than the default to achieve
better OOD generalization. Recent studies also investigate the
impact of initialization on the training process of LLMs [67]—
[72]. These works primarily focus on how the initialization
scale affects the stability of the training process and plays
a crucial role in ensuring smooth and effective training of
LLMs. In our work, we find that different initialization scales
can significantly influence a model’s capacity to both mem-
orize and reason about compositional tasks, highlighting the
profound impact of initialization on the final performance and
underlying mechanisms of the trained models.

III. DEFINITIONS

We introduce a set of key definitions that will be used
throughout the paper. Fig. 2 provides a brief description of
our definitions.

A. Two-anchor composite function

The two-anchor composite function applies two sequential
operations to a specific token. This setup allows us to dis-
sect whether the model learns these operations as discrete,
composable rules or merely memorizes specific input-output
mappings. A two-anchor composite function f(X) : R — R
is defined as

f(l’h...

where z;, x;+1 € A. Here, the input sequence X =
(z1,...,zn) comprises n tokens. An anchor set A =
{a1,az2,...,as} is designated, with each token a € A
corresponds to a function g(z;ay). In each X, one and only
one pair of two consecutive elements belong to A, such as
Zi, Tit1 € A. We refer to the token immediately preceding

Tn) = g(9(Tim13%3); Tig1) (D

3
Single Anchors 14 Seen Anchor Pairs Input Data Examples Target

= ala : 28 a a 38
a/b|: 43a b 49 | Training &
b : ID Test
<l IZ' 2 Unseen Anchor Pairs 62c d 52} 00D Test

. 52d c 42

dle]: m—

single anchor seen anchor pair noise token

arithmetic operation unseen anchor pair key token (token preceding anchor)

Fig. 2. Experimental setup for the compositional task. Left: The single
anchors (i.e., a, b, ¢, d) correspond to specific arithmetic operations. Middle:
During training, 14 out of the 16 possible anchor pairs are seen in the training
set, and the remaining pairs (c, d), (d, c) are held out as unseen tasks (does
not appear during training). Right: The input sequences comprise an anchor
pair, a key token preceding the anchor pair, and noise tokens unrelated to
the target. We construct mutually exclusive training and ID test sets using
data generated from 14 seen anchor pairs (the specific partitioning method
is detailed in Appendix B), while data from the remaining 2 unseen anchor
pairs is used to form the OOD test set.

the anchor pair as the key token. To simplify notation, we
denote the two-anchor composite function as f(x;_1; ;, Tit1)
to emphasize the anchor pair (z;,2;+1) and key token z;_1.

In this work, we set the anchor set A = {a,b,c,d}. Each
anchor token corresponds to a specific function:

g(x;0) =z +1,
g(z;d) =z — 8.

Example. Suppose we have an input sequence X =
(23,a,b,43,46,74,54,44,72). In this sequence, the second
and third tokens (i.e., tokens a and b) belong to the anchor
set A, thus forming an anchor pair (a,b). The token 23,
immediately preceding the anchor pair, is called the key token.

For this input sequence X, the computation process of the
two-anchor composite function is as follows:

f(X) = f(23;a,b) = g(9(23;a);b)
=9g(23+5;b) =28 +1 = 29.

g(z;a) =z + 5,

g(;c) =2 =2, @

B. Data Generation

Input data. In this work, we construct the input dataset
using four anchors (i.e., a, b, ¢, d) and numerical tokens
sampled from 20 to 100. For each sequence, two anchors are
selected (allowing repetition) to form an anchor pair, and the
sequence is composed of this anchor pair along with other
randomly sampled numerical tokens. The token immediately
preceding the anchor pair is designated as the key token, while
the remaining tokens are treated as noise tokens unrelated to
the target. Noise tokens are primarily used to separate the
training set from the ID test dataset. For details, please refer
to Appendix B. The four anchors form 16 anchor pairs, of
which (¢, d) and (d, ¢) are designated as unseen anchor pairs.
The training dataset is constructed based on the remaining 14
seen anchor pairs.

Target. The target is the output of the key token processed
by the two-anchor composite function, i.e., the corresponding
output of the two-anchor composite function.
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Dataset Partition. We divided the dataset into three cate-
gories: the training set, the ID test set, and the OOD test set.
For the training and ID test sets, the anchor pairs are selected
from 14 seen anchor pairs, excluding (c¢,d) and (d,c). The
division is based on combinations of anchor pairs and key
tokens; the specific method is detailed in Appendix B. For the
OOD test set, the anchor pairs are taken from (¢, d) or (d, ¢).

C. Generalization

The division of the dataset naturally leads to the following
two concepts of generalization:

ID generalization. Generalization on the ID test set, where
all anchor pairs are seen in the training set.

OOD generalization. Generalization on the OOD test set,
where anchor pairs do not appear in the training set.

D. Model Architecture and Basic Experimental Setups

For foundational analyses, we employ a single-head trans-
former model to simplify mechanism explorations. Subsequent
experiments extend these findings to the multi-head architec-
ture of GPT-2, ensuring the generality of our conclusions. The
following sections will only introduce the architecture of the
single-head attention model, as the multi-head case is a natural
extension of the single-head model.

The input sequence is represented as a one-hot vector
X', The word embedding X°™ and the input to the first
transformer block X () is calculated as:

xem — Xinweva(l) — xem _’_AX'pos7 (3)

where XP°% is a trainable positional vector. For the [-th layer,
the @, K,V are defined as:

QW = xOwe® g0 = xOyED O = x OV,
)
The attention matrix Attn() and its subsequent output X 9%v(0)
for the [-th layer is computed as:

QW EWOT

Attn® = softmax ( > (with mask),

Vi )
xakv@®) — AptnOy @,
The output of the [-th attention layer is obtained as:
Xao(l) _ LN(X(l) +quv(l)wattn,l)
’ 6)

X(l+1) = Xdo(l) — LN(MLP(XaO(l)) +Xao(l)).

where “LN” refers to Layer Normalization. The final output
is obtained by projecting the output of the last layer X 4°(L)
using a linear projection layer, followed by a softmax operation
and argmax to obtain the predicted token.

We use fg(x;a1,aq;n) to denote the output of the neural
network for a sequence with x as the key token, (a1, as) as the
anchor pair, and n as the noise token sequence. At this point,
the input sequence is uniquely determined with the values and
positional information of the noise tokens in n.

For the basic experimental setups, we use cross-entropy loss
on the last token of the sequence and optimize the model using
Adam with weight decay. The specific hyperparameters and
training details are provided in Appendix A.

E. Initialization and Regularization Parameters

Initialization Rate. The initialization rate, denoted by ~,
governs the scale of parameter initialization within the model.
Specifically, model parameters are initialized by sampling

2
from a normal distribution N <0, (d%) ), where dj, rep-

resents the input dimension. A higher ~ results in smaller
initialization scales.

Weight Decay Coefficient. The weight decay coefficient
is a hyperparameter for Lo regularization during training. It
controls the regularization strength by adding A||W||3 to the
loss function, where W are the model’s weights.

IV. PHASES OF SOLUTIONS FOR COMPOSITE FUNCTIONS

In this section, we explore the learning dynamics of a
Transformer-based model, specifically GPT-2 [73], on com-
positional tasks using both ID and OOD datasets as defined in
Section III-B. Our investigation focuses on understanding how
variations in initialization scales and weight decay coefficients
influence the model’s generalization capabilities.

Initially, we assess the impact of different initialization
scales on the model’s ID and OOD performance, maintaining
the weight decay coefficient at a fixed value of 0.01, as
depicted in Fig. 3A. The abscissa represents the initialization
rate v and the ordinate indicates the accuracy achieved on ID
data (blue) and OOD data (red). Based on ID and OOD gener-
alization capabilities, we categorize the different initialization
settings into three phases:

Phase 1 (poor ID and poor OOD generalization): The model
primarily relies on memorization, with limited ID and OOD
generalization capability.

Phase 2 (good ID but poor OOD generalization): The
model learns composite anchor mappings, achieving good ID
generalization but lacking anchor-level abstraction, leading to
poor OOD generalization.

Phase 3 (good ID and good OOD generalization): The
model learns individual anchor mappings, understanding task
structure from a higher level, enabling strong OOD general-
ization on unseen anchor pairs.

To further elucidate the model’s reasoning capabilities,
we examine its adherence to commutativity, a fundamental
property in addition tasks. Specifically, we evaluate whether
the model’s output remains consistent when interchanging
unseen anchor pairs from (d, c) to (¢, d) while keeping the
key and noise tokens fixed.2 Within Phase 2, commutativity
exhibits variability contingent on the initialization rate. With
a large initialization rate 7 (small parameter initialization
scales), the model treats symmetric anchor pairs as unified
entities, thereby demonstrating good commutativity. Formally,
fo(z;e,d;n) = fo(x;d,c;n) holds for the majority of key
tokens x and noise sequences n. For models with small
initialization rate v (large parameter initialization scales), they
treat each anchor pair as an independent mapping, leading to
poor commutativity.

2We do not focus on the output’s relationship to the target value. For in-
stances with high OOD accuracy, the model inherently satisfies commutativity
as the outputs align with target values.
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Fig. 3. (A) ID and OOD generalization of the GPT-2 model on compositional
tasks with a fixed weight decay coefficient of 0.01. The abscissa represents the
initialization rate -y, corresponding to the standard deviation (1/d;,,)” of the
normal distribution used for parameter initialization. The ordinate denotes the
accuracy for ID (blue) and OOD (red) data. The different phases are classified
based on their ID and OOD generalization abilities. (B) Heatmap illustrating
the GPT-2 model’s OOD generalization on compositional tasks, with accuracy
on unseen anchor pairs depicted by color intensity. The abscissa matches
that of Fig. 3A, while the ordinate represents the weight decay coefficient.
Each setting reflects the average results from three independent trials. Striped
regions indicate poor ID generalization (ID accuracy < 90%). Green triangles
highlight instances of poor commutativity on unseen anchor pairs (c, d) and
(d, ¢) (commutativity probability < 70%) when switching anchor pairs.

Beyond initialization scales, we investigate the role of the
weight decay coefficient in shaping the model’s generalization
capabilities, as illustrated in Fig. 3B. This analysis examines
the combined effects of varying initialization rates - and
weight decay coefficients on OOD performance, as indicated
by the heatmap colors. Striped regions signify poor ID gener-
alization (ID accuracy < 90%), while green triangles denote
instances where commutativity probabilities fall below 70%
when switching unseen anchor pairs from (d, c) to (c, d).

This pattern held consistently across trials, with results
averaged over three random seeds. We conclude that as the
initialization rate and weight decay coefficient gradually in-
crease, models undergo a transition from basic memorization
to a deeper comprehension of the task structure, enhancing
reasoning and mastering underlying rules in complex general-
ization tasks.

We regard the adjustment of the initialization rate and
weight decay coefficient as unified aspects of complexity con-
trol, since the values of these parameters significantly influence
the model’s complexity characteristics. Consequently, models
with differing complexity levels exhibit substantially different
internal mechanisms. In the subsequent sections, we will
further explore the mechanisms and complexity differences of
models across various phases.

V. MECHANISM ANALYSIS ACROSS DIFFERENT PHASES
THROUGH ATTENTION MASKING STRATEGIES

In this section, we analyze the mechanisms underlying
different phases by selectively masking specific information
circuits. This approach allows us to isolate and examine the
contributions of key tokens and anchor pairs, systematically
investigating the output space and uncovering the model’s
internal mechanisms across phases. Specifically: i) We inves-
tigate the distribution patterns of different anchor pairs in the
output space by masking key token information (Figs. 4A,
4C). ii) We explore the distribution patterns of key tokens
with single anchors in the output space by masking the second
anchor’s information (Figs. 4B, 4D).

To achieve this, we mask specific circuits in the model
to exclude the information of a particular token (masked
activation) from the output, allowing us to study the model’s
behavior when only other input information is present. Mask-
ing is implemented by disabling specific circuits, as indicated
by dashed gray lines in Figs. 4A and 4B, while preserving
the normal circuits for unmasked tokens (solid blue lines).
To preserve the structure of the normal circuits, masking is
applied to the attention matrix after the softmax operation.
To simplify the analysis, we use a two-layer, single-head
transformer model.

A. Mechanism Analysis via Key Token Masking

Building on the masking strategies described earlier, we
analyze the mechanisms underlying different phases of the
model by visualizing the output embeddings using TSNE.
Fig. 4C shows how the model organizes the representations
of key tokens and anchor pairs under varying conditions. For
this analysis, we randomly sampled 50 data points for each
anchor pair to assess how effectively the model distinguishes
between different mappings and whether it adheres to task-
specific properties such as commutativity. To enhance clarity,
we employed similar colors with varying shades to denote
symmetric anchor pairs (e.g., (¢, d) and (d, ¢)), indicating their
potential equivalence under commutative operations.

The three phases observed in Fig. 4C are achieved by
adjusting the initialization rate (y), which controls the standard
deviation of parameter initialization. In Phase 1 (the left
panel of Fig. 4C), the representations of different anchor
pairs are poorly organized, with significant overlap between
clusters. This indicates that the model fails to capture the
distinct mappings associated with each anchor pair, resulting
in representational entanglement and poor generalization. The
lack of clear structure reflects a reliance on memorization
rather than learning the compositional rules underlying the
task. As a result, the model exhibits weak performance on both
ID and OOD data, demonstrating its inability to generalize
even within the training distribution.

In Phase 2 (the middle and right panels of Fig. 4C), the
model begins to capture structural relationships between key
tokens and anchor pairs, as evidenced by the emergence of
distinct and well-separated clusters. In the middle panel, the
model treats symmetric anchor pairs (e.g., (¢,d) and (d, ¢))
as independent clusters, failing to recognize their equivalence.
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Fig. 4. (A, B) Masking strategies applied to the transformer model to analyze the contribution of specific tokens. (A) The key token (x) is masked, removing
its information from the model’s output, allowing analysis of the output space distributions influenced by anchor pairs (a1, a2) and noise tokens. (B) The
second anchor (az) is masked to isolate the interaction between the key token (z) and the first anchor (a1). Dashed gray lines indicate the masked circuits,
while solid blue lines represent normal circuits. Hollow nodes depict masked activations, and filled nodes depict normal activations. (C) Principal Component
Analysis (PCA) applied to the model outputs to visualize the model’s representation of different anchor pairs. For each anchor pair, 50 data points were
sampled. Symmetric anchor pairs (e.g., (¢, d) and (d, ¢)) are shown in similar colors with different shades to indicate their equivalence. The three phases are
achieved by adjusting the initialization rate (). (D) Cosine similarity matrices between model outputs after masking the second anchor (a2). Each group of
four blocks corresponds to inputs with the same g(z;a1) value. The right panel provides a magnified view of selected blocks, showing detailed values of z
and a1 for corresponding inputs. The color scale represents cosine similarity values. Different phases correspond to different values of the initialization rate

Y.

This lack of abstraction results in poor commutativity despite
improved ID generalization. In contrast, the right panel demon-
strates a more advanced model state, where symmetric pairs
are successfully merged into single clusters. This structural
refinement not only enables good commutativity and enhances
generalization but also hints at a transition toward a simpler,
rule-based approach for fitting the data. The shift from disor-
ganized to highly structured clusters underscores the model’s
tendency to adopt lower complexity and systematic solutions
in later phases.

It is worth noting that Phase 3 represents a special case
of solutions with good commutativity. Therefore, it is not
feasible to analyze the differences between Phase 2 with good

commutativity and Phase 3 from the perspective of composite
anchors alone. In the next subsection, we focus on analyzing
these differences at the level of single anchors to uncover the
underlying mechanisms of the model’s task learning.

B. Mechanism Analysis via Second Anchor Masking

To investigate the mechanisms underlying single-anchor
operations and their alignment with the defined single-anchor
function g(-;-) in Equation (2), we analyze the distribution
patterns of key tokens with single anchors in the output space
by masking the second anchor’s information, as described in
Fig. 4B. In Fig. 4D, the color represents the pairwise cosine
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similarity between the outputs of the masked model, which
isolates the contribution of the key token and the first anchor.
Each group of four blocks corresponds to inputs that yield the
same value of g(x;aq1), and the enlarged panel on the right
provides detailed input values of x and a; for these selected
blocks.

In the left panel of Fig. 4D, corresponding to Phase 2,
output embeddings with the same value of g(z;a;) exhibit
low correlation, as reflected by the sparse red diagonal lines
and generally low cosine similarity. This observation indicates
that the model relies on memorizing composite mappings to
fit the data, even when it captures symmetric relationships. In
contrast, the middle panel, representing Phase 3, shows signifi-
cantly higher correlations among inputs with the same g(z; a;)
value, as indicated by the more prominent red regions in the
diagonal blocks. This suggests that the model computes the
single-anchor mappings progressively, following the defined
function g(+; -) to produce the final output. The magnified view
on the right highlights consistent cosine similarity patterns
across input values within each block, further confirming the
stepwise reasoning approach in Phase 3.

These results illustrate a fundamental difference between the
two phases: while Phase 2 relies on memorizing composite
mappings, Phase 3 demonstrates a reasoning-based strategy
by stepwise computing the single-anchor mappings. This shift
highlights the model’s ability in Phase 3 to generalize OOD
data with compositional rules, rather than relying on memo-
rization, and suggests a transition toward simpler and more
structured data-fitting strategies.

VI. MODEL COMPLEXITY: A KEY FACTOR IN PHASE
TRANSITIONS

Building on the analysis of model mechanisms in the previ-
ous section, we posit that the model’s complexity preferences
play a pivotal role in driving phase transitions. In this section,
we examine this phenomenon from two key perspectives: the
condensation [74]-[76] of input weights and the structured
organization of the word embedding matrix.

Condensation occurs when the input weights of neurons
cluster along a few isolated orientations, effectively reducing
the model’s complexity and approximating a smaller-scale
network. However, parameters like the word embedding ma-
trix, which need to encode distinctions between diverse input
tokens, resist condensation and may instead form systematic,
rule-based structures. We examine the model’s complexity
across different phases through these two aspects.

A. Condensation of Input Weights

To investigate the phenomenon of parameter condensation,
we analyze the cosine similarity between the input weights of
neurons in the first layer’s query weight matrix (W), The
similarity between the i-th and j-th neurons is calculated as

WM, - WweWj,
WML, |2l [WeM [, ]2

and the results are visualized in Fig. SA for each phase.

In Phase 1, the input weights exhibit no significant con-
densation, with low cosine similarity between neurons. This
indicates that the neurons are oriented independently in the
weight space, corresponding to a high-complexity regime. In
Phase 2, we observe mild condensation, where neurons begin
clustering along a limited number of orientations, resulting
in slight increases in similarity. Finally, in Phase 3, the input
weights cluster strongly into a few isolated directions, forming
distinct groups of neurons with high intra-group similarity.
This pronounced condensation reflects a significant reduction
in complexity, allowing the model to approximate a lower-
dimensional structure while maintaining task performance.

B. Structured Organization of the Word Embedding Matrix

To explore the structural properties of the model’s word
embedding matrix, we visualize the embedding space using
PCA, as shown in Fig. 5B. Each number represents the PCA-
reduced position of the embedding vector corresponding to a
specific token.

In Phase 1 and Phase 2, the embedding vectors do not
exhibit any clear structure, with token positions scattered
irregularly in the reduced space. This lack of organization
suggests that the model does not encode systematic rela-
tionships between tokens. However, in Phase 3, the PCA
visualization reveals a highly structured pattern, with token
embeddings arranged in an organized and regular manner. This
structure reflects the model’s tendency to encode relationships
in a systematic, rule-based fashion, enabling it to generalize
efficiently while maintaining reduced complexity.

It is worth noting that the relative ordinal relationship
of the word embedding matrix in Phase 3 is not a simple
numerical magnitude relationship of the corresponding tokens.
This ordinal relationship may originate from the definition of
the four single anchors, where the differences between the
operations of any two single anchors can be obtained by the
addition of the basic elements 3 and 4. This arrangement is
consistent with the numbers being ordered with intervals of 3
(green arrow) and 4 (blue arrow) from two directions in the
embedding space.

C. Unified Complexity Perspective via Stable Rank

To unify the observed phenomena of condensation in input
weights and structured organization in word embeddings, we
analyze the complexity of parameter matrices across phases
using stable rank [77]-[79], a widely adopted measure of
matrix complexity. The stable rank is defined as:

1Al %
14137

where ||A||r denotes the Frobenius norm, representing the
overall energy of the matrix, and ||A]|> denotes the spectral
norm, capturing the largest singular value of the matrix. This
ratio quantifies the “effective dimensionality” of the matrix,
providing a normalized measure of complexity.

In Fig. 5C, we analyze the first-layer query weight matrices
from the multi-head GPT-2 models introduced in Fig. 3.
The weights from all heads are merged into a single square

Rstable (A) =
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Fig. 5. (A) Cosine similarity between the input weights of neurons in the first layer’s query weight matrix (W (1)) for each phase. The abscissa and ordinate

both represent the neuron index. The matrices are computed under the settings

where the weight decay coefficient is fixed at 0.01, and the initialization rate

() is set to 0.2, 0.5, and 0.8 for Phase 1, Phase 2, and Phase 3, respectively. (B) PCA visualization of the word embedding vectors for the same settings as
in (A). Each number corresponds to a specific token, and its position represents the reduced-dimensional embedding obtained through PCA. (C) Bubble plot
summarizing the stable rank of parameter matrices (WRM) across initialization rates (y) and weight decay coefficients. The size of each bubble represents
the phase index (w: with commutativity; w/o: without commutativity), with Phase 3 and Phase 2 distinguished based on whether the OOD accuracy exceeds
50%, while other phase boundaries remain consistent with Fig. 3. The color of each bubble represents the stable rank value, and all results are averaged over

three independent trials.

matrix for each configuration. The horizontal and vertical
axes represent the weight decay coefficient and initialization
rate (7), respectively. The size of each bubble indicates the
phase index under the given configuration, where Phase 3
and Phase 2 are distinguished based on whether the OOD
accuracy exceeds 50%, with other phase boundaries consistent
with Fig. 3. The color of each bubble reflects the stable rank
of the parameter matrix for that configuration. Each result is
averaged by three random seeds.

As the model transitions through phases, the stable rank
gradually decreases with increasing phase index, indicating
a reduction in model complexity as the reasoning preference
becomes more pronounced. Within the same phase, the stable
rank values remain relatively consistent across different setups,
further emphasizing the alignment between the stable rank and
the model’s phase-specific complexity characteristics. Addi-
tionally, in Appendix C, we illustrate the degree of parameter
condensation under various configurations, which is highly
consistent with our stable rank findings.

The interplay between model complexity, internal mecha-
nisms, and reasoning ability is crucial in shaping a Trans-
former’s capacity for compositional generalization. Complex-
ity control—achieved by adjusting initialization rates and
weight decay coefficients—shapes the model’s parameter
structure, resulting in neuron input weight condensation and
a structured word embedding matrix. Neuron condensation
streamlines input representations, facilitating the recognition
of essential patterns, while structured embeddings align token
representations with underlying compositional rules. These in-
ternal refinements enhance the model’s reasoning capabilities

by enabling it to focus on core compositional primitives rather
than memorizing extensive input-output mappings.

VII. FURTHER VERIFICATION ON REALISTIC TASKS

We validated the performance of models with different
initialization scales and weight decay settings across a series
of compositional and reasoning tasks. Below, we introduce
each task and the corresponding results.

Compositional diffusion tasks: Concept Graphs. The
Concept Graphs dataset [24], [45], [47], [48] provides a
synthetic and structured framework designed to evaluate com-
positional generalization in conditional generative models.
Built upon three core concept variables—color, shape, and
size—each taking on specific values (e.g., red or blue for color,
circle or triangle for shape, and large or small for size), the
dataset organizes the relationships between different concept
combinations in the form of a cube, as shown in Fig. 6A.
Previous work identified a notable example of compositional
generalization failure, which they referred to as an interesting
Jailure mode [24]. This failure occurs when the model is
trained on a sparse subset of the data, specifically the black
nodes in Fig. 6A (000, 100, 001, and 111). When tested on
an unseen tuple like 010 (representing a small red circle),
the model incorrectly generates a small triangle instead of
the expected circle. This demonstrates the model’s inability to
achieve compositional generalization under these conditions.

Building on our analyses of the impact of initialization on a
model’s ability to learn compositional tasks, we train models
for this task with varying initialization scales. We discover that
when the initialization scale is smaller, the interesting failure
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Fig. 6. (A) Structure of the Concept Graphs dataset. The dataset is organized into a cubic framework based on three core concept variables—color, shape,
and size—each with specific values (e.g., red or blue for color, circle or triangle for shape, and large or small for size). Black nodes represent the sparse
subset of training data used to identify the interesting failure mode. (B) Impact of varying initialization rate on compositional generalization for cases 011 and
010. As the initialization rate increases (corresponding to a decrease in the initialization scale), the model transitions from exhibiting the interesting failure
mode to achieving robust compositional generalization. The purple box highlights the default initialization setting used in prior work.

mode disappears, and the model achieves robust compositional
generalization. As illustrated in Fig. 6B, we gradually increase
the initialization rate (decreasing the initialization scale) from
left to right. The model’s outputs for the two unseen concept
tuples (010 and 011) progressively transition from triangles
to circles, aligning with the target shapes. The purple box
highlights the initialization setting used in prior work [24],
referred to as the default initialization. Notably, to replicate
the exact behavior at v = 0.5 (default setting) observed in
prior work, we employ a uniform distribution for parameter
initialization @ ~ U(—1/d],1/d]) in this experiment (Py-
Torch’s default kaiming_uniform distribution, which is
adopted in prior work). Consistent results are also observed
when using a normal distribution for initialization.

Compositional tasks: SCAN and COGS. SCAN [80]
and COGS [14] are classic compositional tasks with more
natural language variance. For the SCAN dataset, we selected
the “Generalizing composition across primitive commands”
task, where the “turn left” command only appears in single-
command mappings and is trained alongside other composite
commands. We assess the model’s generalization ability on
composite commands that include the “turn left” command.
For the COGS dataset, we evaluate ID and OOD generalization
after training on the same set. ID tests use data with different
primitives in the same combinatorial patterns, while OOD tests
use data following different combinatorial rules.

As shown in Figs. 7A, 7B, we display the generalization
performance of models with different initialization scales and
weight decay coefficients across various data sizes. Small
initialization and large weight decay consistently outperform
large initialization and small weight decay across different
task types and data scales. Notably, in the COGS task, even
when the ID generalization of both settings (with 20k training
data) reaches over 99%, the difference in OOD generalization
remains significant.

Realistic tasks: Addition task and SlimPajama dataset.

Unlike traditional addition tasks, we use a case-based reason-
ing intervention experiment [81] to study the generalization of
rule learning in the addition task. Specifically, we consider the
setup: a+b = ¢, where a, b € [0,999]. We use a, b € [400, 600]
as the test set and the remaining data as the training set.
This construction prevents the model from simply mimicking
training data similar to the test set. We trained a simple 2-
layer 1-head model and a GPT-2 model. As shown in Fig. 7C,
regardless of model size and learning mode, small initialization
scales (or large weight decay coefficients) generally lead to
good rule generalization, while large initialization scales (or
small weight decay coefficients) fail to generalize perfectly.

For the SlimPajama dataset [82], we used two data com-
positions: the GitHub section and the GitHub+Wikipedia
section. We trained GPT-2 Medium models with different
initializations on both datasets for 40B tokens. As shown
in Fig. 7D, for both data compositions, smaller initialization
scales consistently achieved lower perplexity.

Reasoning tasks: PrOntoQA. PrOntoQA [83] is a syn-
thetic multi-step reasoning dataset where each data point
assigns hierarchical relationships among objects and requires
the model to determine whether a multi-step reasoning chain
is correct. During testing, we only evaluate the model’s accu-
racy in judging hierarchical relationships. Thus, the model’s
random guessing accuracy is 50%.

Fig. 7E illustrates the convergence rates and generalization
errors with respect to data scale for models with large initial-
ization (and small weight decay coefficients, top panel) and
small initialization (and large weight decay coefficients, bot-
tom panel). An interesting phenomenon is observed for models
with large initialization (small weight decay coefficients): as
the data size increases, the convergence rate first decreases and
then increases. When the data size is small, the model tends
to fit the data through memorization. Therefore, as the data
size increases, the training difficulty increases (i.e., the training
speed slows down), and the model’s generalization ability is
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Fig. 7. (A, B) Performance comparison of models with different initialization scales and weight decay coefficients on compositional tasks. (A) For the SCAN
task, we assess the generalization ability on composite commands that include the “turn left” command. (B) For the COGS task, we evaluate (left panel)
ID and (right panel) OOD generalization after training on the same dataset. Small initialization and large weight decay (blue) consistently outperform large
initialization and small weight decay (orange) across different tasks and data scales. The parameters are initialized following a zero-mean normal distribution
with a standard deviation of di_nW. (C) Performance comparison of models with different initialization scales and weight decay coefficients on addition task.
We use a case-based reasoning intervention experiment with a test set of a,b € [400, 600] and the remaining data as the training set. For the “Train from
Scratch” part, the parameters are initialized following a zero-mean normal distribution with a standard deviation of d;?. For the “Fine-tune” part, we use the
pre-trained weights of the GPT-2 model provided by Hugging Face as the starting point for fine-tuning. (D) Performance comparison of models with different
initialization scales and weight decay coefficients on the SlimPajama dataset. For the SlimPajama dataset, GPT-2 Medium models trained on GitHub and
GitHub+Wikipedia data with small initialization scales consistently achieved lower perplexity. The parameters are initialized following a zero-mean normal
distribution with a standard deviation of d;{f (E) Performance comparison of models with different initialization scales and weight decay coefficients on
PrOntoQA. Top Panel: Convergence steps and test accuracy for large initialization (v = 0.5) and small weight decay (WD = 0.01). Bottom Panel: Convergence
steps and test accuracy for small initialization (v = 0.7) and large weight decay (WD = 0.1). The parameters are initialized following a zero-mean normal
distribution with a standard deviation of d;n'y.

poor. As the data size grows further, the model, constrained by  ¢(g(z;a;);a;)). We define the reasoning complexity as the

its complexity, can no longer memorize all the data and thus
shifts to fitting the data through reasoning. This leads to an
increase in fitting speed and results in better generalization. In
contrast, models with small initialization (large weight decay
coefficients) inherently prefer to fit the data through reasoning,
leading to faster convergence and better generalization at the
same data scale compared to models with large initialization
(small weight decay coefficients).

VIII. PREDICTION OF MECHANISMS UNDERLYING
DIFFERENT SOLUTIONS

As the data complexity increases, neural networks usually
require more training steps to fit the data [84]-[87]. Based on
our analysis of the mechanisms underlying different solutions,
we can predict that models with different initialization scales
will exhibit varying degrees of difficulty when learning data of
differing complexities. To create datasets with varying levels
of complexity, we deliberately modify certain composite map-
pings while ensuring that anchor pairs with symmetrical rela-
tionships remain consistent (i.e., f(z;a;,a;) = f(x;a;,a;) #

number of anchor pair groups® that do not satisfy the compo-
sitional rule. This reasoning complexity captures the variety
of data in the dataset that violate reasoning rules and necessi-
tate memory-based mappings. A higher reasoning complexity
indicates more intricate relationships and patterns that simple
reasoning rules cannot easily capture. Consequently, the model
must rely more on memorizing specific data mappings rather
than applying general reasoning principles.

It is anticipated that the model of small initialization, i.e.,
fitting data with as low complexity as possible, should use
more training steps to fit data with larger reasoning complexity,
while the model with large initialization, i.e., easily memoriz-
ing the mappings of the symmetric solution, should use similar
training steps to fit data with different reasoning complexity.

To measure the training steps required to fit data, we use
the number of epochs required for the model’s training loss
to reach 5 x 1072, We conduct 9 random trials for each

3Two anchor pairs with symmetrical relationships are considered to be in
the same group.
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Fig. 8. (A) Training speed with different initialization scales when facing different data complexity. Abscissa: the model depth. Ordinate: the number of
epochs required for the model’s training accuracy to reach 100%. Color: the inferential complexity. We conduct 9 random trials for each setting of different
initializations, depths, and data inferential complexities, and take the average of the required number of epochs. Left Panel: Large initialization (initialization
rate v = 0.5). Right Panel: Small initialization (initialization rate v = 0.8). (B) The number of epochs required for different anchor pairs to reach 60%
accuracy on their corresponding training data. The anchor pairs (a, b), (b, a), (a, a), and (b, b) are highlighted in red because they are significantly affected

by the non-inferential solutions (a, b) and (b, a).

setting. As shown in Fig. 8A, models that tend to learn
data with memorizing solutions use roughly the same training
steps for data with different reasoning complexity (the left
panel of Fig. 8A), while models that tend to learn data with
reasoning solutions indeed use more training steps for data
with larger reasoning complexity (the right panel of Fig. 8A).
This prediction convincingly backs up our analysis of why
different initialization scales can lead to different solutions.

We further demonstrate the fitting speed of different anchor
pairs when the reasoning complexity is one. In this experiment,
we simultaneously set the anchor pairs (a, b) and (b, a) as the
same mappings violating the compositional rules. As shown
in Fig. 8B, we present the number of epochs required for
16 types of anchor pairs to achieve 60% accuracy on their
corresponding training data. We highlight the four types of
anchor pairs (a, b), (b, a), (a, a), and (b, b) in red (since (a,
b) and (b, a) violate the compositional rules, the above four
types of anchor pairs will be significantly affected). It can be
observed that the highlighted anchor pair types exhibit notably
slower training speeds, further verifying that the presence
of mappings that violate the compositional rules reduces the
training speed of models with small initialization.

From another perspective, this also allows us to discover
compositional rule-violating mappings (mostly noisy data) in
the dataset. For a set of data with unknown distribution, we
can differentiate to a certain extent by studying the conver-
gence rate of different types of data using models with small
initialization.

IX. DISCUSSION

Conclusion. In this work, we examined the internal mech-
anisms of Transformer models when tackling compositional
tasks, particularly how complexity control—through parameter
initialization scales and weight decay—shapes the model’s
reasoning capabilities and generalization performance. By in-
troducing anchor functions as controlled, interpretable bench-
marks, we were able to precisely delineate the conditions
under which Transformers transition from memory-based so-

lutions, which merely memorize input-output mappings, to
reasoning-based solutions that effectively capture primitive-
level rules.

Our analyses revealed that small initialization scales and
larger weight decay coefficients lead models toward solutions
that are inherently more structured, systematic, and capable of
handling unseen compositional combinations. Such solutions
were shown to exhibit a lower complexity bias, allowing
the model to both identify and exploit core compositional
primitives. Through a series of mechanism analyses, including
masking strategies and complexity quantification via measures
like stable rank, we demonstrated how differences in complex-
ity phases correspond to distinct internal working mechanisms.

We validated the generality of these findings across multiple
real-world tasks, including diffusion-based image generation
and various natural language benchmarks. Models that em-
braced a reasoning-based approach consistently achieved im-
proved OOD generalization, underscoring the practical value
of complexity control. Furthermore, the observed relationships
between complexity parameters and the time needed for train-
ing on data of varying reasoning complexity highlight the
predictive power of our framework. These insights enable
a more principled approach to anticipating model behavior,
diagnosing performance bottlenecks, and guiding architectural
or training choices for improved compositional reasoning.

Limitation and Future Work. One key limitation of
our study is that, although complexity control techniques
have been validated across multiple real-world tasks, our
analysis of internal mechanisms was confined to synthetic
data and smaller-scale models. This constraint may not fully
capture the intricacies and challenges inherent in large-scale,
real-world datasets and models. Furthermore, enhancing the
model’s preference for reasoning may partially compromise
its memorization capabilities. This trade-off poses a challenge,
as reduced memorization can limit the model’s ability to
recall specific information that may be critical for certain
tasks. To address this issue, we propose leveraging Retrieval-
Augmented Generation (RAG) techniques to compensate for
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the diminished memorization. By integrating RAG, we can
offload memory-intensive tasks to external retrieval systems,
thereby allowing the complexity control mechanisms to fo-
cus exclusively on enhancing the model’s reasoning abilities
without compromising its overall performance.

In future work, we aim to extend our investigation to
larger models and diverse real-world datasets to bridge the
gap between our theoretical understanding and practical ap-
plications. This could involve leveraging Mixture of Experts
(MoEs) to design networks with varying initialization scales
for different expert models, employing RAG techniques to
enhance the network’s memory capabilities, and exploring
improved training strategies that utilize complexity control
methods to ensure the main network focuses on reasoning
abilities while auxiliary components manage memorization
tasks.
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