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2. Cumulation: Discover and
cumulate all possible facts about
the object. Prioritize the more
Informative ones.
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"Natural objects, for example,

must be experienced before any
theorizing about them can occur”

Husserl warns against this inversion of process, where theories can eclipse,
misshape, or entirely ignore the vital qualities encountered in direct perception.
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Problem: Given D: {(x;,y;)}i=, and H:{f(;0)|0 €
R™}, find f € H suchthat f(x;) =y;fori=1,:,n.
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General observation:
f(x;; @(o0)) often generalize well
folx) = WlHgo (- Wlgo (Witg 4 b1y ... ) 4 bl even when m > n.
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How to experience deep learning?

Two key objects
@Trajectory In function space
fG,t):RY > H
@Trajectory in parameter space
O(t):R* > R™
Common strategy: choose proper statistics for observation.

Limitation: choice of statistics reflect our bias, no guarantee for
effectiveness.
Can we observe the whole trajectory?
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Frequency Principle ——
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Evolution of neural network output function f(x, 0(t)) ..
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Frequency Principle (F-Principle):

DNNs often fit training data from low to high
frequencies during the training.

Xu, Zhang, Xiao, Training behavior of deep neural network in frequency domain, 2018

Nasim Rahaman et al, On the Spectral Bias of Neural Networks, 2018 VARN—2N5 m
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(a) True image

(b) DNN output

Target: image /(x): R? - R
x . location of a pixel
I(x) . grayscale pixel value
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Xu, Zhang, Luo, Xiao, Ma, Frequency Principle: Fourier Analysis Sheds Light on Deep Neural Networks, 2019




Frequency

Response frequency

Image frequency (NOT USED) * Frequency of a general Input-
. Output mapping f.
» This frequency corresponds to

the rate of change of intensity f(k) — f f(x)e—iZﬂk'X dx
across neighboring pixels.

MNIST: R78* - R1% k € R784

+.007 x —
zero freq high freg & sisnfw(: =) esigngyzg(e',‘ 40)
S ame co | or S h ar p e d g e 57.7%p:2ngdence 8.2‘;1%e<l:22:1tﬁd:nce 99.3 élcosgdence

Goodfellow et al.

high freq: Adversarial.example ﬂdﬁ B




Examining F-Principle for high-dim real problems g/

Nonuniform Discrete Fourier transform (NUDFT) for training dataset

(X3, ¥} =1

A 1 o PN 1 B _
Vi = ~ ?=1Yie i2mk X; hk(t) — 52?:1 h(Xi,t)e i2mk-x;

Difficulty:

» Curse of dimensionality, I.e., #k grows exponentially with

dimension of problem d.
Our approaches:
 Projection, i.e., choose k = kp,
* Filtering
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Relative error: Ag(k) = |hy

‘ \ e train_true

MNIST
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Decompose frequency domain by filtering

low-freq of

|

I
| high-freq of

ko
low,d low,6 2\ 2
low,o0 ) o — N — b
p— . low —
Y = (y *G°); Sy
high,é A Vi — yl.ow,(s o ( s _ phighdj2) ®
7) 1 ) high — Z |yhigh,5|2
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MNIST
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€high

€low

0 20 40 60 80 100
epoch
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F-Principle in high-dim space
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Implication of F-Principle —
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Xu, Zhang, Xiao, Training behavior of deep neural network in frequency domain, 2018
Xu, Zhang, Luo, Xiao, Ma, Frequency Principle: Fourier Analysis Sheds Light on Deep Neural Networks, 2019



Frequency principle for 2-d image restoration P

Original Image

Epoch=20000

Epoch=50000

Epoch=1000000
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Generalization puzzle

F-Principe: DNNs prefer low frequencies
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Effect of early stopping

sin(x), a=0.5

True —— FiIt

loss

10°

ll}_l .

1,}—:-: .

1,}—3 .

When should one stop the backpropagation
and use the current parameters?
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Theory of F-Principle —
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Theory in a idealized setting

« Consider a tanh-DNN of one-hidden layer for fitting a 1-d function f
m

h(x) = 2 aja(wjx + bj),

j=1
m
i) ~ ) ajexp(:2 = /
~ a; exp(wj) exp 2wi|)

j=1

« Define the loss at frequency k
L(k) =
By Parseval’s theorem: L = [ L(k)dk =

R (k) — f (k)|
~1f () — h(x)|?dx

=N =

« Compute the gradient by the loss in Fourier domain

9o _nzaL(k)
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Analysis

high

dL(k) Low
fre
‘ EY: D G(O,k) freq q

Where A(k) = |h(k) — f (k)|

k
~ A(k) exp <— ‘zn

l

« A(k) > 0:
If w; is small, exp(—|mk/2w;|) dominate, low frequencies dominate.

For w; € Bg, center at 0 with radius &, if 6 is small, contribution of high
frequency loss is negligible.

« A(k) = 0:
small contribution from L (k)

Insight: smoothness/regularity of activation
function o(-) can be converted into F-
Principle through gradient-based training.
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The NTK regime

L(®) = X1 (h(x;0) — y;)?
0 = —VgL(0)

* 0¢h(x;0) = — Y=g Ko (x, x;) (h(x;;©) — v;)
Where Kg(x,x") = Vgh(x; 09) - Vgh(x'; ©)

* Neural Tangent Kernel (NTK) regime:
Ko (x, x") = Kg()(x,x") for anyt.

Theorem 1. For a network of depth L at initialization, with a Lipschitz nonlinearity o, and in the
limit as the layers width ny, ...,np—1 — 00 sequentially, the NTK ©L) converges in probability to a
deterministic limiting kernel:

o) 5ol Id,, . Jacot et al., 2018
s IMNF=rsotull 1

Zhang, Xu, Luo, Ma, Explicitizing an Implicit Bias of the Frequency Principle in Two-layer Neural Networks, CPL, 2021
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Some basics of Fourier transform

Definition 1. Given a nonzero vector w € RY, we define the delta-like function Oy
S(R?) — R such that for any ¢ € S(R?),

(urt) = | o) dy. (6)
Lemma 1 (Scaling property of delta-like function). Given any nonzero vector w € R% with
w = ﬁ, we have

L‘dcgw (i) = Gu(). (7)

| lew]]

Proof This is proved by changing of variables. In fact, for any ¢ € S(R?), we have

1 .
5'&’ TN ERAY — 5'&) ) Wwil-))sr(rd d
S () IO I O R (IR

= | ¢(yw)dy
R

:<5w(')’¢(')>5f(md),5(md)- L A= g T m

Tao Luo, Zheng Ma, Zhi-Qin John Xu, Yaoyu Zhang, “On the exact computation of linear frequency principle dynamics and its generalization”,
SIAM Journal on Mathematics of Data Science 4 (4), 1272-1292, 2022.



Some basics of Fourier transform

Lemma 2 (Fourier transforms of network functions). For any unit vector v € R%, any
nonzero vector w € R? with w = Hﬁj—“, and g € §'(R) with Flg| € C(R), we have, in the

sense of distribution,

(0) Fooelg 2))(€) = 6,()Flgl(€Tw). (8)

() Fooelg(wT +b)](€) = 6(€)Flg (ﬁ ”)ez“ﬁ“‘f’, (9)

(©) Farselag(wTa +0)€) = 5-Ve |8ul@Flal (S0 H1 (10
MJT@

Tao Luo, Zheng Ma, Zhi-Qin John Xu, Yaoyu Zhang, “On the exact computation of linear frequency principle dynamics and its generalization”,
SIAM Journal on Mathematics of Data Science 4 (4), 1272-1292, 2022.



Linear F-Principle (LFP) dynamics

2-layer NN: h(x; @) = i, w;ReLU(7;(x + [;)) RelU .
Assumptions:
() NTK regime, (ii) sufficiently wide distribution of [;.

8, RO = — 4% (r?w?) N (r?) + (w?) (

52 e [(IGHESAGD)

(-) : mean over all neurons at initialization
f: target function; (-), = (-)p,where p(x) = %Z?n S(x — x;);
*: Fourier transform; ¢: frequency

aliasing
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64

low frequency min [ [4n2(;~22w2) N (r2)+(wz)]_1 |E(E)|2 a

preference  |her,

st. h(x;) =y;fori=1,---,n

Case 1: ¢72 dominant
+ min [ £2|R(&)|* dé~min [|1'(x)|? df - linear spline
Case 2: ¢~* dominant
o minf$4|ﬁ($)|2 dé~min [|h"'(x)|?> dé§ - cubic spline
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Regularity can be changed through initialization g/

Case l Case 2
(r2) + (w?) » 42 (r2w?) A% (r?w?) >» (r?) + (w?)
. 211 2 . 411, 2
min | &2|A(&)|" d¢ min | §*|A(§)|" d§
neuron num: 16000 neuron num: 16000
1.0 1.01
0.5 \ // 0.5
> 0.0 * samples > 0.01
— final-nn *  samples
— i L . ] —— final-nn
0.5 : P'ii_(jllc:tlon 0.5 --- prediction
_10. Initial-nn 1ol —— initial-nn
-10 -05 00 0.5 10 -05 00 05
X X
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High-dimensional Case

(Ir]?) + {w?)

4m%(|r|?w?)

at E(f; t) - =

|€|d+3

T |€|d+1

(7p(&.6) = (&, 0))

Theorem (informal). Solution of LFP dynamics at t — oo with initial value
hi,; is the same as solution of the following optimization problem

_I_

4% (|r|?w?)

[ [0

h—hiniEFy |E|4+3

|€|d+1

s.t. h(X) =Y.

-1

A(&) — i (®)]” dé
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FP-norm and FP-space

We define the FP-norm for all function h € L?(Q):

1/2
il = [l = ( 3 y-2<k>|ﬁ<k>|2)

kezd*
Next, we define the FP-space:

F/(Q) = {h € L2(Q):[|kll, < o}

A priori generalization error bound

Theorem (informal). Suppose that the real-valued target function f € F,(Q), h, is
the solution of the regularized model

irzrélFr,l,”h”V st.h(X) =Y

Then for any 6 € (0,1) with probability at least 1 —& over the random training
samples, the population risk has the bound

210g(4/5))

n
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2
L(hy) < (Iflleo + 21I£ 11 Iy 1l2) (— + 4\/
\\/ﬁ )



. Why don’t heavily parameterized neural
networks overfit the data?

What is the effective number of parameters?

Why doesn’t backpropagation head for a poor
local minima?

. When should one stop the backpropagation and

use the current parameters?

re=rsrul

Leo Breiman, Reflections After Refereeing Papers for NIPS
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complex

Lei Wu, Zhanxing Zhu, Weinan E, 2017

#para(~1000)>>#data: 5
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A picture for the generalization puzzle

unbiased initialization +
F-Principle

+ ...
(to be discovered)

Global
Minima

Parameter space
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DNNSs are not black boxes--Problems

How can neural networks be prevented from overfitting to noise in the training data?

How can the convergence towards high-frequency components of the target
function be improved during training?

@|s It possible to design a model that prioritizes fitting high-frequency components
before low-frequency ones during training?

@What characteristics of a target function or dataset make it difficult for deep neural
networks to generalize?

@What methods or conditions can be employed to induce deep neural networks to
overfit the training data, resulting in a large generalization error?

sl







Impact of initialization F
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Deep Neural Network Initialization

6(0): [wU1(0), BV (0)]

input layer -

j=1,--H

wU1(0), bV1(0)~2 (0, o)

f?
- hB(oo) (X)

Initialization generalization

o). o

Example: Two-layer NN

mq
ho(x) = 2 1Wz[2] o (w!Ux + b1
L=



DNN can easily overfit with bad initialization

Initial
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Z
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l—I
] ) I_I
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ZQJ Xu, Y Zhang, Y Xiao, Training behavior of deep neural network in frequency domain, ICONIP 2019.
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Setup in the linear (NTK) regime

NNs can be linearized around initialization
h(x,0) ~ h(x,00) + Veh(x,0y) - (0 —0))
Loss

Rs(6) = dist (h(X,0),Y)

Neural tangent kernel (NTK)

k(-,+) = Vagh(-,00)"Veh(-,00)

Kernel gradient flow

Oh(x,t) = —k(x, X)Vpx pdist (h(X,1),Y)
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Equivalent optimization problems

Theorem 5 Let O(t) be the solution of gradient flow dynamics

d .
79(1) = —Voh(X,00)Vi(x o) dist (R(X. 0(1)).Y) (8)
with initial value 6(0) = 6y, where Voh (X, 0y) is a full rank (rank n) matrix of size m X n with

m > n. Suppose that the limit 8(0c0) = limy_,o, 0(t) exists. Then (o) solves the constrained

optimization problem
m91n||9 — 90”2, s.t., h()(j 9) =Y. 9)
Theorem 6 Let 6 be the solution of problem (9), then h(x,@) uniquely solves the optimization
problem
min ||h — hini”k S.t. h(X) =Y, (12)
h—hini € Hy (S2)

In a general class, e.g., any LP distance, choice of loss has no impact.
In practice, different loss can be considered to accelerate convergence.
vaaN=—<uitih




Main results

Theorem 2 For a fixed kernel function k € C(€) x Q), and training set { X ;Y }, for any initial
function hin; € C(2), hi(+; hini, X, Y) can be decomposed as

hk(: hiniaxa Y) — hk(aoa X7 Y) + hini - hk‘(aOaXa hlnl(X)) (6)

unbiased fit

bias from h;y;

Theorem 3 For a target function f € C(X2), if hiy; is generated from an unbiased distribution of
random functions ju such that By, ., hini = 0, then the generalization error of hy(-; hini, X, f(X))

can be decomposed as follows

EhiniNMRS (hk(a Pini, X, f(X))a f) = Rs (hk(';oa X, f(X))7 f)

_|_

Ep, iopRs (hi(+50, X, hini(X)), Rini)

.

where Ris(h (s hini, X, (X)), ) = [l hinis X, £(X)) = fl1720 additional

generalization error
Vae =<l




lllustration

hic G5 hinis X, ¥) = By (50, X,7) =hini — hi (5 0, X, hini (X))
bias: high freq of h;,;

hK(°; hinil X, Y)_hK('; 0, X, Y) hini — hK(°; 0, X, hini(X))
1
20 - 20 X |bias|

h

0 15 | | '.
|
1] 5 \
' |
04 / VAR v \

_10 _05 00 05 1.0 ~i0 -05 00 05 10
X
X
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AntiSymmetrical Initialization (ASI) trick

Copy
weight

Copy
weight

Zero output

opposite
weight

Original DNN
h(x,0) with 8(0) = 6,
After ASI
V2 V2

2 2
hASI — 7h(x, 6) — 7}1(36',0,)
6'(0) = 6(0) = 6,

Properties
1. hagr = 0 at initialization

2. kASI('»') = k()
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predict

—0.25

—=0.50-

10_11

10_2?

e ————— i —————————
e

— ASI train
- ASI test

original train

=== original test

epoch
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Experiments—MNIST dataset

original train —— ASI train
=== original_test == ASI ftest 04-
1@0 -
0 .2 il orfginal_train —— ASI train
=2 === original test e AST test
10° 101 102 103 10° 101 102 103
epoch epoch
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