B ass—eutial

Ill. Condensation phenomenon

Yaoyu Zhang

Institute of Natural Sciences & School of Mathematical Sciences
Shanghai Jiao Tong University
FAU MoD Course



FdhAl ander-Uni
thf
Mthmt s of Data | MoD

FAU MoD Course

Towards a mathematical ‘
foundation of Deep Learning:
From phenomena to theory

Yaoyu Zhang

SHANGHAI JIAO TONG UNIVERSITY

WWW.MOD.FAU.EU

Eﬁ% #FAUMoDCourse

tablishing a mathe
ning is a si

ssion Ti

Towards a Mathematical Foundation of Deep
Learning: From Phenomena to Theory

Date
Fri.— Thu. May 2 — 8, 2025

Session Titles

Mysteries of Deep Learning

Frequency Principle/Spectral Bias

Condensation Phenomenon

From Condensation to Loss Landscape Analysis

From Condensation to Generalization Theor
/Y\g%igﬂufﬁ

Al S




lllustration of Condensation

Initial: Neurons different After training: Clustered Effective small net

Embedding

5 fx) =

Wi = W,,
f) =) aowix) O (a3 + a)o(W]x)+

i=1 (as + a4 + as)o(wix)

Condense

Initial: random Training: condense Effect: equiv to small net
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180°

Evolution trajectory: change significantly

90®

o final stage
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Evolution trajectory: change significantly

e final stage o final stage e final stage

180°

270° 270" 270°

(d) epoch=5000 (e) epoch=10000 (f) epoch=100000
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Condensation in transformer
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Regime of Condensation

1.Tao Luo, Zhi-Qin John Xu, Zheng Ma, Yaoyu Zhang, “Phase Diagram for Two-layer ReLU Neural Networks at
Infinite-Width Limit,” Journal of Machine Learning Research (JMLR) 22(71):1-47, (2021).

2.Hanxu Zhou, Qixuan Zhou, Zhenyuan Jin, Tao Luo, Yaoyu Zhang, Zhi-Qin John Xu, “Empirical Phase Diagram
for Three-layer Neural Networks with Infinite Width,” NeurlPS 2022.
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» Data: {x; € R%,y; € R}Z‘ll

* Two layer ReLU network

m

fo(@) ==Y aro(w]e)

x
k=1

CL% ™~ N(O,B%), w]g ™~ N(Oaﬁg

e | 0SS i
Rg(0) = % Z (f6 (@) —i)*.

=1

» Gradient flow dynamics

do
& _VyRs(6).
v VeRs(0)

x=[x",1]"

Wg = [le bk]T

Overparameterized setup:
M=m(d+ 1) > n,
Properties:

1. Global minimais M —n
dimensional (proved by Yaim
Cooper 2018)

. Often non-overfitting

. Evolution of 6(t) and 6 ()
depend on «a, 1, 5,

W N

Goal:
ldentify dynamical regimes of training
over a, 81, B, at infinite-width limit.
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Name 3 3 K K
& 1 2
(related works) ( 61(162 ) ( %)
LeCun 1 1 1 1 \/E 1 1
(LeCun et al., 2012) m d md m 2 2
He 1 2 2 4 \/E ! L
(He et al., 2015) m d md m 2 2
Xavier | 5 5 \/ 1 o d
(Glorot and Bengio, 2010) m+l1 m+d (m+1)(m-+d) m+1
NTK
1 1
vm 1 1 S 1 1
(Jacot et al., 2018) m 2
Mean-field
(Mei et al., 2018) m 1 1 + 1
(Sirignano and Spiliopoulos, 2020)
(Rotskoff and Vanden-Eijnden, 2018)
E et al.
]- B ]‘ IB /8 m=bo logm m—oc logm

(E et al., 2020)
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« Two layer ReLU network

fo(x) = 1 Zaka(w,:a’:) a) ~ N(0,|37)), wy ~ N(0,[B3,)

@7

* Normalized gradient flow

_ 9 _ 1 -
ar = f8{ a, wi=p05 wg, t= 2
1 2 5182
day, 1 1 - Z L
Z =

d m
ﬂ = /= Zﬁ:ako ( Z (_IkrO'(’lf);;,CBi) — ?Jz) .
=1

« Scaling parameters and infinite-width limit
— b152 k! = ﬁ : log / : log &/

v = lim — , v = lim —

b} L b} 1 1
a B2 m—oologm maoo logm’ o—oo i M)




Preszzure —j

solid

(high pressure
low
temperature)

B :
(high temperature
low pressure)

el g, ———

 Phase diagram for matter

distinctive states of matter <-> environment
(phase transition happens at infinite size
limit)

solid, liquid, gas <-> pressure, temperature
 Phase diagram for two-layer ReLU NN

training dynamics <-> initialization (m — o)
? <->7?

Identification of coordinates of phase diagram (in analogy to pressure,

temperature)
1. Effectively independent
: R 1 1
2. Dynamical similarity v= lim — Og’8162/a, v = lim — 08 S/ Pz
. o - m—00 logm M—00 logm
3. Differentiation capability NS T

A




|| Linear regime

| Condensed regime
== Critical regime

Examples:
@ Xavier, Mean field
A NTK
-+ Eatel. (2020)
Vv LeCun, He

a‘g NN(Oaﬁﬁ)a Wg NN(Oa %Id)

»— lim _10851ﬁ2/a + = lim _10851//32

m—00 logm m—500 logm

vy=1
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Typical cases across the phase diagram

Linear regime critical regime condensed regime
0.2- 0.2 0.2
y y y
y' =0
0.11 0.1
0.0]
0.5 0.0 0.5 -0.5 0.0 0.5 —0.5 0.0 0.5
X X X
(a) vy=10.5 (b)y v=1 (c) vy =1.75
1.0] - 1.0] -
- m 1.0] . :
{(Akawk) k=1 ' SR S
_ L '. R A
A T |CL|H“£‘J”2 A0I5— . -_'-.. 0.57 é
: 0.0 | |
0.0 - - .
-2 0 2
orientation orientation orientation

fo(x) = 1 Zako(w;m)
Y= (d) y=20.5 (e) y=1 (f) v =175



Regime identification

* Linear regime (with ASI)

fo" = Vo fow) - (0(t) — 6(0)).
. Relative distance

_ 102 (t) = 0w (0)]l2.

RD (0, (t
Ol =0, 01
As m — oo,
* Linear regime: sup RD(04(t)) — 0
te[0,+00)

» Condensed regime:teﬁ)uf )RD(Bw(t)) — +00

* Critical regime: sup RD(0.(t)) — O(1)

te[0,400)

fo(x) = éZaka(’w;af;)
k=1

O = vec({w}j )
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Scaling analysis

* Two layer ReLLU network at infinite-widt
1

N limit

)7 wlg ™ N(OaﬁgId)

fo(x) == Zaka(w,:af:) ag ~ N(0,|3
k=1

@7

BB B
o] B

» “capability” of NN: C =mpi82/a =m~k >

k2> 1/m

0(1)

« output-layer dominant: C = m3:E(|al)/a < mB5/a = mk/K .

1/ > 1/mk
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e d

Regime identification through experiments

/

y =0

10-2 RD(6,,)
e data

10-3 slope=-0.506

103 104
m

(a) vy=0.5

102

RD(6})

data

Sw = lim
m—r00

0.5

log RD(6}))

Sw

logm

RD(8,)
0 e data
10™ slope=0.007
& &—a— 9
10714, —
103 104

(b) v

101-

slope=0.372

/

103 104
m

(¢) y=1.75
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Y

(d) Sw vs. 7
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e d

Sw
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e d

Blue: m = 103
red: m = 10%
Yellow: m = 10°

{(Ag, W)},

A = [af[|wll;

0.0
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() = é S o (wlx)
k=1
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e d
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Regime separation -- theorems

Theorem 1*. (Informal statement of Theorem 6) If v < 1 or~' >~ — 1, then with a high
probability over the choice of 8°, we have

lim sup RD(04(t)) = 0. 20
Jm s RD(Ou(0) (20)

Theorem 2*. (Informal statement of Theorem 8) If v > 1 and ' < v — 1, then with a
high probability over the choice of 8°, we have

lim  sup RD(0y(t)) = +o0. (21)
M—=100 ¢ [0,400)

4
(1/2,1/2) ,* |

(1/2,0) | (1,0)
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|| Linear regime

| Condensed regime
== Critical regime

Examples:
@ Xavier, Mean field
A NTK
-+ Eatel. (2020)
Vv LeCun, He

a‘g NN(Oaﬁﬁ)a Wg NN(Oa %Id)

»— lim _10851ﬁ2/a + = lim _10851//32

m—00 logm m—500 logm

vy=1
7 1 N\T T Tsd U m




Linear regime critical regime condensed

| aVWall'a’'aWal

CQIIIIC
0.2 0.21 0.21
y’ =0 y y y
0.11 0.11
0.0
~0.5 0.0 0.5 -0.5 0.0 0.5 0.5 0.0 0.5
X X X
(a) y=0.5 (b) v = (c) vy =1.75
10 - 1.01 - 1.0{ -
0.5, | %o :
A ' 8 0| SRRt AN 0.0] I , I, .
-2 0 2 —2 0 2 -2 0 2
orientation orientation orientation
(d) v =05 (e)v=1 (f) v=1.75
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; CR for W2, LR for W'

B CR for W2, CR for Wl
W LR for W2 CR for W

LR for W LR for Wi

Ezxample :
5/12,1/2
(1,1/2)Y ( ) ® Xavier
! NTK
.................... oo Fonnopnonooo- 72:0
(1.0) , VW Lecun, He
; ax ~ N(0,8), W ~ (0,8), Wi ~(0,8)
: . log 818283 / e . log B3/ B1
. logm logm
CRis short for Condensed Reigme, LR is short for Linear Regime
13 =1
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Hanxu Zhou, Qixuan Zhou, Zhenyuan Jin, Tao Luo, Yaoyu Zhang, Zhi-Qin John Xu,
Empirical Phase Diagram for Three-layer Neural Networks with Infinite Width, NeurlPS 2022



Condensation facilitates reasoning

/WT\E’%Z%JT@ |

Zhongwang Zhang, Pengxiao Lin, Zhiwei Wang, Yaoyu Zhang, Zhi-Qin John Xu, “Initialization is Critical to Whether Transformers Fit Composite Functions by
Inference or Memorizing,” NeurlPS 2024.



Single anchors

14 seen inferential composite anchors

1 +5
2 =y
3 —2
1 -8

1 +10
112]:] +6
Composition Padding
> B —16 >

1 seen non-inferential composite anchors

3|14 :| —6

1 unseen composite anchor

SRR [t

Input data examples Target
28 1 1 38

43 3 1 46
62 3 4 56
52 4 3 ?

seen inferential seen non-inferential

anchor anchor
key item

unseen anchor (item before anchor)
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Symmetric or inferred solutions?

Mechanism 1: learn symmetric structure Mechanism 2: infer single anchor mappings

bl a 3| | —2 4 1 .| -8

| | |
composite form the
4 31 =134 - —6 infered single anchors

\/
413 . —10

a' b
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Phase diagram of symmetric solution

Mechanism 1: learn symmetric structure

a b

b

a

Initialization~N (O,

1

Y
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5
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4F.° ¥

4e

Q

3 S
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2 O

1]

1 1 1 1 00
0. 03 04 05 06 07 0.8
Large ini initialization rate y Small ini

bad generalization on seen anchors (test accuracy < 90%)
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(b)

=
o

7 -

Mechanism 2: infer single anchor mappings E

40.89

311 -2 41 -8 6 ©

<

e =]

I | g 0.6 2

.bc

composite form the - 5 .8

infered single anchors é‘ 3

o,

— wn

w4 047

43 1| -10 - -

= c

Y

3 L

0.2<

Y

o

T 1 p o

Initialization~N | 0, -~ @
din 0.0

0.2 03 04 05 06 0.7 0.8
Large ini initialization rate y Small ini

;s | bad generalization on seen anchors (test accuracy < 90%)
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Condensation of W py column

Cosine Similarity b/w
Columns of W@

Input weight of Q neurons
Small ini: clear condensation Large ini: no condensation

(b) Opm

Q(Z) — X(I)WQ(U x(@D “ output: Q(V)
wel) ——

50

100

150 -0.5

-1.0
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Complexity of solutions

Mechanism 1: learn symmetric structure Mechanism 2: infer single anchor mappings
a bl =10 a 3 1. —2 4 | . —8
v | |
4131 =13141] - —6 composite form the
- infered single anchors

413 1| —10

Not only one pair
But ten pairs in training

11:12.21: 13, 31: 14, 41: 23, 32:... Need to learn four functions

- o o . - I MJTﬁ




falx) =1

Small init: clear structure

(x + 5,
x+ 1,

ifa =1
ifa =2

x—2,ifa =3

\x—8,ifa =4

(d)

Large init: no structure

35

22
25 48
34

31 47

B *

38

38
2@21 39 41
20 235

23

¥

4629
5383

24
49
45

36
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Symmetric solution

Output 30 58 58 83 93 93 93 893
layer2 @ © ©@ © ©
Layerl © O
Layer0 © O @ © O O
Input 35 63 |99 |4 3] 38 42 36

.key anchor

item

7\

93

62
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Inferential solution

Output 94 95 95 109 94 92 89 90 89
layer2 © O © @ @ O O O

Layerl] © O @ O

Layer0 © O @ ¢ O 0 O O

Input 35 63 |99 4 3 38 42 36 62
ey anchor

item | m
7 1 NI LoJdl I




Mechanisms underlying initialization effect P

Low complexity  Only learn Generalize
Small initial = Condense — _ — S— ,
as possible four anchor on inference
o Vey slight Large Easily fit ten Generalize
Large initial — —_— L — —
condense complexity sym. maps on sym. map
Very No Very large Easily all No
Large initial condense complexity fit maps Generalize
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Condensation

Il matrix facotrization

| implicit bias

[l one neuron recovery
A4 Global dynamics

Condensation

Il near O Il reasoning

A5 Language model
A1 Regime

[l compositional
generalization

A2 loss landscape

[,I embedding principle
V critical sets

| phage diagram two-layer

IV embedding in depth

Il three-layer

/UNT=TSJTUll (L

See more works on my personal website: https://yaoyuzhang1.github.io/



Problems

@®How can co

@|s 1t valid to

ndensation be facilitated in a neural network?

compare the performance of wide and narrow networks

when the initialization variance is fixed?

Induce cond

@What initialization strategy can be used for a three-layer network to

ensation in the first hidden layer but not in the second?

@®Where conc

ensation can happen within a transformer?
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