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Generalization advantage of
condensation

1. Yaoyu Zhang, Zhongwang Zhang, Leyang Zhang, Zhiwei Bai, Tao Luo, Zhi-Qin John Xu, Linear
Stability Hypothesis and Rank Stratification for Nonlinear Models. arXiv:2211.11623, (2022).

2. Yaoyu Zhang, Zhongwang Zhang, Leyang Zhang, Zhiwei Bai, Tao Luo, Zhi-Qin John Xu, Optimistic
Estimate Uncovers the Potential of Nonlinear Models. arXiv:2307.08921, (2023).

3. Yaoyu Zhang, Leyang Zhang, Zhongwang Zhang and Zhiwei Bai, Local Linear Recovery
Guarantee of Deep Neural Networks at Overparameterization. arXiv:2406.18035, (2024).
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No Free Lunch Theorem (Wolpert and Macready) /™

Theorem—Given a finite set V and a finite set S of real numbers, assume that
f:V — Sischosen at random according to uniform distribution on the set SV

of all possible functions from V to S. For the problem of optimizing f over the set
V, then no algorithm performs better than blind search.

classification

Q ® one How to infer the
0- ® zero MISSINg SpOt?
0 :
X1
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https://en.wikipedia.org/wiki/No_free lunch_theorem



Generalization consequence of condensation Pl

Large initialization
(no condensation)

output epoch=49999
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Estimate sample efficiency is important

Sample efficiency: sample size required for certain performance

4.2
—— L =(D/5.4-1013)70.09
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Scaling Laws for Neural Language Models. OpenAl 2020
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Optimistic estimate —

In the best-possible scenario, what is the sample
size required for fitting f* € F ?
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ldea of optimistic estimate

Optimistic estimate:

Estimating the best-possible performance.

Optimistic estimate for chemical reaction:

Gold cannot be obtained from copper

Graphite has the potential to be converted
to diamond
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Sample size estimation--simplest setup

Data:
S={(x; e R% f*(x) ER)}._
Model:
F:RM - F c C(R%)
Optimization:

1
Rs@) =5 (FO@) ~ £x))’
0 = —VR.(0)

Problem: Given f* € F, how many samples are required to recover f*in the
best-possible scenario?

High dimensional, nonlinear, nonconvex!

/‘\T\%@ﬂdﬁ

Yaoyu Zhang?*, Leyang Zhang, Zhongwang Zhang and Zhiwei Bai, Local Linear Recovery Guarantee of Deep Neural Networks at Overparameterization. arXiv:2406.18035, (2024).



Failure of classic estimate

classic estimate

12
) reduce
[ = sample
24 efficiency

X412 optimistic!

Classic estimate:
sample size for fitting = parameter size /\V(\J%ﬂﬁ




Condensation—the clustering behavior of neurons

Condensation improves sample efficiency

Initial: Neurons different After training: Clustered Effective small net

A

5 _ F) =
fO) =) aowl) o (a +az)o(Wix)+

Condense

N
N
N

W3= W, = Wy

i=1 (as + a4 + ag)o(wix)
Initial: random Training: condense Effect: equiv to small ne
e J A s Tl

Tao Luo, Zhi-Qin John Xu, Zheng Ma, Yaoyu Zhang*, Phase diagram for two-layer ReLU neural networks at infinite-width limit, Journal of Machine Learning Research (JMLR) 22(71):1-47,
(2021)
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optimistic
estimate

OO @ —] 12
condense /\/\/V\ classic
& O O

estimate
NN, (equiv)
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Model rank

Model: —
. Stronger condensation |
F:RM - F c C(RY) s e
Model rank:
rg := rank DF (@) = dim Im(DF(H)) ngs
{ Lower model rank \}

= dim span {agiF(H)(-)}Ii\il ___ Lowermodel rank

Intuition: effective degrees of freedom at 6

_______________________________

F(O + 8)() ~ F(O)() + z 09,F(0)() 5, Higher sample efficiency |
=
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Yaoyu Zhang*, Zhongwang Zhang, Leyang Zhang, Zhiwei Bai, Tao Luo, Zhi-Qin John Xu*, Linear Stability Hypothesis and Rank Stratification for Nonlinear Models. arXiv:2211.11623, (2022).




Condensation means lower model rank

Example:
F(0)(x) = a;tanh(w;x) + a,tanh(w,x)
Model rank:
dim span{tanh(w; x), a;tanh’(w; x)x, tanh(w,x), a,tanh’(w,x)x}

« Condensed(w; = +w,):
To <2

« Not condensed(w; # tw,# 0,a; # 0,a, # 0):
T = 4

/Y\i%i%ﬂﬁ |

Yaoyu Zhang*, Zhongwang Zhang, Leyang Zhang, Zhiwei Bai, Tao Luo, Zhi-Qin John Xu*, Linear Stability Hypothesis and Rank Stratification for Nonlinear Models. arXiv:2211.11623, (2022).




Optimistic sample size estimate

Model:
F:RM > F
Model rank:

g = dim span {aBLF(H)()}iVil

Optimistic sample size (f* € F) :

Op = penin 7o FU): BIREEEIRE)
Intuitive procedure:
o N e o ‘I
i Given target f* i:{> find 6* € F~1 (f*) with minimum rank ' |:>i Op =g i
/”\Jﬂﬂdﬁ

Yaoyu Zhang, Leyang Zhang, Zhongwang Zhang and Zhiwei Bai, Local Linear Recovery Guarantee of Deep
Neural Networks at Overparameterization. arXiv:2406.18035, (2024).



Picture of sample size requirement to recover f* € F ..

overparameterized underparameterized
i A | | A |
optimistic pessimistic
0 .
O; M

e —
1

practical

sample size
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Optimistic sample size estimate vs practice

Theorem 5 (optimistic sample sizes for two-layer tanh-NN). Given a two-layer NN fo(x) =
S a;tanh(wlz),x € RY 0 = (a;,w;)™,, for any target function f* € FRN\Fo with
0 < k < m, the optimistic sample size

| 05, (f*) = k(d +1). | vs. |md+1)
optimistic pessimistic
Of* = 21 M = 63 10°

3X
,10—3
practical I10‘6
(well-tuned)
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Optimistic sample size estimate vs practice

Theorem 5 (optimistic sample sizes for two-layer tanh-NN). Given a two-layer NN fo(x) =
S a;tanh(wlz),x € RY 0 = (a;,w;)™,, for any target function f* € FRN\Fo with
0 < k < m, the optimistic sample size

| 05, (f*) = k(d +1). | vs. |m(d+1)
optimistic pessimistic
of =21 = 2100
practlcal
lI-tuned
(wel-tuned) /Y\J%J—Rjﬁ




| parameters, for any function in the function space of a narrower NN with M. parameters

|\a,nd for any f* € Fpam, we havelOfgwide (f*) <Oy (f*) < Mpare |

\ 4

wider network is sample efficient

MJT@ |

Yaoyu Zhang, Leyang Zhang, Zhongwang Zhang and Zhiwei Bai, Local Linear Recovery Guarantee of Deep
Neural Networks at Overparameterization. arXiv:2406.18035, (2024).



Key tool for optimistic
estimation: critical embedding

/\“N“"%“:%ﬂujﬁ

Yaoyu Zhang, Leyang Zhang, Zhongwang Zhang and Zhiwei Bai, Local Linear Recovery Guarantee of Deep Neural Networks at Overparameterization. arXiv:2406.18035, (2024).



Criticality of optimistic sample size

S ———— e — — — — e — e — — — — —

! Theorem (phase transition of LLR-guarantee at a target point). For any 6’ € M- \\I
- : : |
> If training data size n < 04,(0"), f* has no local linear recovery guarantee at 6’ |
I
| > If n=0; (0", f* has n-sample LLR-guarantee, i.e., there exits an n-sample dataset S’ = |
fo P g P |
I
o {(x ()3, such that f* has local linear recovery guarantee at 6. /,'

O;- Is critical for the local linear recovery of f*

Tangent Space
:\

fr= argmlﬂgeﬁ,ﬁgﬁ(g(wi),f (),

To = {f(;0) +a"Vof(:;0')|a € RM}

re=rsrul

Yaoyu Zhang, Leyang Zhang, Zhongwang Zhang and Zhiwei Bai, Local Linear Recovery Guarantee of Deep Neural Networks at Overparameterization. arXiv:2406.18035, (2024).



Optimistic sample size estimation for general DNNs ..

Key tool: critical Mapping

Lemma 12 (upper bound of optimistic sample size). Given two models fg, = f(-;04) with
04 € RMa gnd ges = g(+;0B) with Op € RMB | if there exists a critical mapping P from
model A to B, then the optimistic sample size|Oq(f*) < Of(f*) < Ma lfo*r any f* € Fa.

o ——————————— — —— — — — — — — — —

critical Mapping

' %

P: RMa — RMp

<
—_——_——— e ——

critical Mapping:  ToooooT oo oo — oo

(i) Output Preserving: fg = gp(g)
(ii) Criticality Preserving: if VgRs(fg) = 0, then VgRs(gp(g)) = 0, for any data S

/Y\J%ﬂﬁ |

Yaoyu Zhang, Leyang Zhang, Zhongwang Zhang and Zhiwei Bai, Local Linear Recovery Guarantee of Deep Neural Networks at Overparameterization. arXiv:2406.18035, (2024).




Theorem 10 (Embedding Principle) Given any NN and any K -neuron wider NN, there exists
a K-step composition embedding T satisfying that: For any given data S, loss function £(-,-),

wide
critical point of the K -neuron wider NN with the same output function, i.e., fo: = fo

wide

|
|
|
|
activation function o (-), given any critical point 05, of the narrower NN, 65,4, := T (0y,) is stilla |
|
I

— —— — — — — — — — — — — — —— —— —— —— — —— —— —— —— — —— —— —— ——— —— —— —— —— — —— —— —— —— — — — — — —

7
I Theorem 4.1 (embedding principle in depth). (see Appendix A: Thm. A.1 for proof) Given
data S and an NN/ ({m/] }szo)f for any parameter 0. of any shallower NN({mg}lLZO) satisfying

VoRs (0.) =0, there exists parameter 0., in the loss landscape of NN/ ({m;}lio) satisfying the
following conditions:

(i) for(x) = fo.(x) for x € Sy;

— — — — — — — — — — — — — — — — — — — — — — — — — — — — —— — — — ——— — —— — — —— — — — — — — — —— — — — — — — — — — — —

I
I
I
I
I
I
I
I
I
I
\

Embedding Principle (width/depth):
The loss landscape of a neural network “contains” all the critical points of narrower/shallower networks.

/Y\S%ZSJTJI—I

[1] Zhang, Zhang, Luo, Xu, Embedding Principle of Loss Landscape of Deep Neural Networks. NeurIPS 2021 Spotlight
[2] Zhang, Li, Zhang, Luo, Xu, Embedding Principle: a hierarchical structure of loss landscape of deep neural networks. JML 2022
[3] Bai, Luo, Xu, Zhang, Embedding Principle in Depth for the Loss Land- scape Analysis of Deep Neural Networks. CSIAM 2024.
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Embedding
Principle
- (width)

~——— - - _ -

one-step

ﬁ O embedding Q
o

[—-1

~—~—_——— e ——— =
o e e —— — — — — — — —
=

— — — — — — — — — — — — —— — — — — — —— — — — — — —— — —— — — — — — —— — — — — — — — —

W[q+1] _ WI[Q+1] dlag()\)W’[(j]

Layer:q + 1
Layer:q + 1 \

Layer Linearization:V x € S,

—_—_——————— - - —_—_——_——— —

( \
: |
N ; 114 plal /[d] |
’ Factorize |%% x b

| Ny ) oW () 411
- Embedding | | i [ |

| . ° I R .
. Principle | | e xo (W) + b ™) b |
| | I L . I

| One — layer “4Yer:q

I\\ (depth) /’ : Lifting |
__________________ | Layer:q — 1 :
| |

Layer:q — 1

[1] Zhang, Zhang, Luo, Xu, Embedding Principle of Loss Landscape of Deep Neural Networks. NeurIPS 2021 Spotlight
[2] Zhang, Li, Zhang, Luo, Xu, Embedding Principle: a hierarchical structure of loss landscape of deep neural networks. JML 2022
[3] Bai, Luo, Xu, Zhang, Embedding Principle in Depth for the Loss Land- scape Analysis of Deep Neural Networks. CSIAM 2024.



—_— Impact of connection
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Yaoyu Zhang, Leyang Zhang, Zhongwang Zhang and Zhiwei Bai, Local Linear Recovery Guarantee of Deep Neural Networks at Overparameterization. arXiv:2406.18035, (2024).



| CNN |

k  intrinsic width

s X s conv ker size

* CNN CNN (no sharing) Fully-connected NN d X d |n put d i m
0} 0 0 ’

FLNN\ {0} s2+(d+1—s)? (s> +1)((d+1—35)? —my) (d?+1) ((d+1—5)* —my)

FONN\FONN | k(s2+(d+1—38)%) | (s°+1)(k(d+1—8)2—my) | (d®+1)(k(d+1—35)*—my)

FENN\FONN | (5?2 + (d+1—5)2) | (s2+1) (m(d+ 1—-3s)%— mn) (d? +1) (m(d+ 1-s)%— mn)

\ 4
more connection lower

sample efficiency yaaN—<uvhin




@) CNNvs. FNN
VS

Adding (unnecessary) connections reduces sample efficiency

MNIST k-kernel, kernel size: 3x3
»CNN: 685k

»CNN (no sharing) : 6760k
»FNN: 530660k

1000X

worse!

MJT@ |




Optimistic estimate vs. experiments

Experiment: adding connection reduces sample efficiency

I100

DNN
CNN without 1 A-3
sharing 10
CNN with
sharing
10°°

10 20 30 40 50 60
sample size

/Y\i%’“:%ﬂdﬁ |




P

Sample inefficient:
Adding (unnecessary)
connections worsens
generalization

Sample efficient:
Increasing width doesn’t
harm generalization

efficient AE=zsiul




Inspiration

Principle of model scaling
+ Freely increase width (also depth)

« Refrain from adding connection

vs. Scaling of brain
« mouse: ~10% neurons, ~103 — 10* connections/neuron

« human: ~10'! neurons, ~103 — 10* connections/neuron

/‘\T\%@ﬂdﬁ |




Optimistic estimate for
simpler models .
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1=1

FO@ =Y ax

Optimistic sample size:
For any f* € F,
Of* = m

Conclusion:
Linear models cannot recover targets under overparameterization.

/‘\T\%@ﬂdﬁ




FOM =Y (@ - b

i

Optimistic sample size:
For a k-sparse function f*,

optimistic pessimistic
0 k m
" - 0

O(klogm) aas—cwiAn
practical




S /7 B £
F(B)(x)=z alth ... My,

=1

Optimistic sample size:
For a k-sparse function f*,

optimistic pessimistic
0 k m
" - 0

?

/fV\@ﬁT%SJﬂJFT

practical



Matrix factorization model

Model: fo = AB, 6 = (A,B),A, B € R**¢
1 * ’
Loss: Lg(0) = - i=1 ([AB]jiki B Miiki)

"[12.1] [17.3] R4.1] 4.9
16.3 [24.1] 161 1.1
14.2 258 [16.9] 4.3

222 156 185 [3.1

MJT@




Matrix factorization model

Model: f, = AB, 0 = (4,B),A,B € R%*4

Rank stratification over the parameter space:
d* — (d —14)(d —1p)

Optimistic estimation over the function space:

model fo=AB.0 = (A, B), A, B c R
rank g, (f*) fr arg ming e g . rank g, (0")
0 04x A =B =04xq4

2d —1 rank(f*) =1 | rank(A) =rank(B) =1, AB = f*

2rd — 2 rank(f*) =r | rank(A) =rank(B) =r, AB = f*

d? rank(f*) =d | rank(A) =rank(B) =d, AB = f*

/Y\i%“@ﬂdﬁ |




Numerical experiments

Matrix factorization model:
fo=AB, 0 = (A B),A B € R***

target matrix

0
7
12
15
16

0
rank(f*) =1
rank(f*) = 2
rank(f*) = 3
rank(f*) = 4

I100

,10—4

I10—8

2 4 6 8 10 12 14 16
sample size

re=rsrul




Effect of hyperparameter tuning

I100

,10—4

I10—8

o=10"1

0=1072

o=10"3

o=10"*

o=10"">

2 4 6 8 10 12 14 16
sample size

(b) matrix completion, rank=1

0>
0 R (f7) M

 Success of fitting depends on the initialization scale;
 Increasing data size beyond the optimistic sample

size enhances tolerance on tuning. Arne==s Ul




Symmetry and optimistic estimate ——

Symmetry of a nonlinear model has profound impact on its
optimistic sample sizes.

/\“N“"%“:%ﬂujﬁ |




Permutation symmetry = sample efficiency preserving ..

Permutation symmetry: eg.,j,j € [m;_{]

mi—q
j=1
Theorem(informal):

permutation-invariant manifolds are invariant manifolds of gradient flow.

[1—1] [1-2] ;[1-2]Y\ _ [1—1] [1-2] , [l-2]
e.g, (Wi, w2 pl=21) = (wlim wli=] pli=2])

Permutation symmetry - invariant manifolds (equiv to smaller network)
- optimistic sample size no larger than smaller networks

MJT@




Permutation symmetry in Transformer

permutation symmetry -> optimistic sample efficiency preserving

Permutation symmetric:

> Embedding dim:  dp,q4e
> Attention mat dim: d ) Scale up freely!

> Heads: h

h XWo WL XT
Ay(X) = E softmax ( Q:/EK’ ) XWy,Wo,
p row ’

/Y\J%ﬂﬁ |




KAN (Kolmogorov—Arnold Networks)

KAN:
Experiment
fo@) = fo(@1,- -+ a) = Z B Z 75 ()
1072 - --4- KAN Train Loss (\)/idth)
width: permutation symmetric e —&— KAN Test Loss (fVidth)
1077 5 -4 - KAN Train Log5 (Grid)
Increase m preserves sample efficiency % 1074 | 4 KAN Test Lgfs
o 3
- ]
107> 5
G ? .
Bi(z) or ¢i;(z) = Y [ciBi(w), 6 = {c;} is learnable 10°° R oo r
=1 L ms - — -

Parameter Size(M)

grid: no symmetry

Increase G reduces sample efficiency

MJT@ |




Empirical estimation and application =

/WT\E’%Z%JTUJﬁ




Empirical estimation of optimistic sample size P

Empirical estimation: under best tuning of hyperparameters, the minimal

sample size for (close to) 100% test accuracy.

Single anchor Two anchors Input data examples Target
T - - aEs T Noisy tokens
g ' 28 1 1 38
2| : [ +1 12] L2
3. —2 304 - —10 43 3 1 46
4: : _8 4 4 . —16 e o @ e e @
» Composite Anchor function 62 3 4 52

» Symmetry Anchor function
» Random Anchor function 52 4 3

Ars=smul 1L

?




Empirical estimation of optimistic sample size

Identification of best tuning of hyperparameters

Minimum Testing Accuracy Heatmap, 0S: TBF

L0 ini ; i
Minimun'festingccuracy: Heatmap,.0S: TBF 10 Minimum Testing Accuracy Heatmap, OS: TBF 1o
0.01 n 012 0012 o.qk2 0011 0013 0012 0.011 O 012 0.013 0.015
JERRE 0.011 1 0.012 0 0.0110.023:/0.012:0.011':0,01.°0,012:(0.013-/0.045 0.065 0.067 0155 ofto 0193 0194 [ENCEEEELITE
le-10 0.017 0 0.018 0.7 C 0.026 0.022 0.090 0.132 0.161 e
6 (FSCRNSELN 0612 0587 0.634
0.02 o8 - 0.001
0.8
1e-09 Litl ote st . = 0“01‘ 0.01 . [FESRBEEN 0551 0394 0.671
0.05 i
06 3 le-08 Giilts s . o 062 [B® 0100 0097 .
8 g L £ > 06 8
g 3 £ 2 z £
o E ] 9 o o
; 0.1 2 2e-08 0.128 0.145 0.138 0.158 O, X 9 0.998 1.000 '; %_ 0126 ; kS
g £ £ € < 02 2 9 E
3 E s E =3 3
7 g o € ] £
g - . £
04 = 3e-08 0169 0177 o 0932 1.000 1.000 1.00( 04 = 035 o g
0.2 0.4
6e-08 . 0915 0 1 1.000 0.995 0.939 0.872 1.000 06
0.5 = = = , < 0.2
0.2 YR 0.058 0.075 0.0 0.095 0.111 0.110 0. 4 ‘&327 0.403 0.529 UE:EN] 1 B 0sss
02
3e-07 L& 0.040 0.024 0.049 0084 0.6 0,093 0.141 0.160

2 - 0353 0.505 0.587 0.512 0.637

1500 1600 1650 1700 1750 1800 1900 2000 2100 2300 2500 3000 3500 4000
train_dataset_size

1800 1900 2000 2100 2300 2500 3000 3500 4000

train_dataset_size

1500 1600 1700 1800 1900 2000 2100 2200 2300 2400 2500 2600 2700 2800 2900 3000 3200 3400 3600 3800 4000 4500 5000
train_dataset_size

Initialization scale Learning rate Weight decay

Empicial estimate of optimistic sample sizex~1800

/Y\E’%ZSJTLJ— |




> 2V2 Random 1Memorization Inference |

I i .
complexit complexit
OMPEEL - Someie

1 +1 +5 Can Transformer

|
, |
: 4 4 I
2 -2 +7 .
! ' make inference?
. |
» 4V4 Composite : I
Anc |1 |2 |3 |4 ' :
hor ' . _
, I Experiment:
S e e ! " . ' Optimistic sample size
2  +3 +4 +5 +6 : | Scales with Memorization
1: +1 -
3 44 45 46 47 : > 4o : or Inference complexity?
3: +3 |
4 +5 +6 +7 +8 I .
Lo o e 4.4 _ | aaN—<nvf




Empirical Optimistic Sample Size

’_I
O
S

=
o
w

10°

(Optimistically) Memorization? No!

Transformer:

Memorization complexity poorly predicts optimistic sample size

2V2Random
3V3Random
4V4Random
5V5Random
6V6Random
y =513.8x0-°%
2V25ym
3V3Sym
4V4Sym S—

4\V4 Random

*HerOo | *m

2V2 Random

*>0 | tHeP>O

4\/4 Infer

101! 102
Number of Anchors

optimistic sample size vs. memorization complexity

/‘\T\%@ﬂdﬁ |

5V5S5ym
6V6eSym
y =479.98x0-47
2V2Infer
3V3Infer
4V4infer
5V5Infer
6Velinfer

y =420.08x%43




(Optimistically) Inference? Yes!

Transformer:

Inference complexity well predicts optimistic sample size

10%

)

.% ® 2V2Random B 5V5Sym
o A 3V3Random % 6V6Sym
& ¢ 4v4Random @ 2V2infer
8 B 5V5Random A 3V3iInfer
IS % 6V6Random ’ 4V4infer
@ ® 2V2Sym B 5V5infer
.g A 3V3Sym Y 6V6Infer
g ¢ 4vasym — y=613.59x"
G 102

a

S

L

100 101 102
Complexity

optimistic sample size vs. inference complexity

/‘\T\%@ﬂdﬁ |




Messages

Picture of sample size requirement for nonlinear models

optimistic pessimistic
Q O M
o—ol—o——)

practical

Ways to improve sample efficiency
* Reduce 0y:: optimize the architecture (e.g., DNN to CNN)
+ Get close to 04 : optimize the hyperparameters (e.g., smaller

Initialization scale, larger weight decay rate, larger learning rate
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Towards a mathematical foundation of
deep learning
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Session Titles

Mysteries of Deep Learning

Frequency Principle/Spectral Bias
Condensation Phenomenon

From Condensation to Loss Landscape Analysis

From Condensation to Generalization Theory
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Condensation

Il matrix facotrization i Main collaborators: :
' Zhigin John Xu (SJTU),,
' Tao Luo (SJTU) |

I implicit bias o~ ___Ll_______ 1

[l one neuron recovery
A4 Global dynamics

Condensation .
Il reasoning

A5 Language model

[l compositional
generalization

A2 loss landscape

[,I embedding principle
V critichl sets

| phage diagram two-layer

/ VN\T=TrsJTull 1L

See more works on my personal website: https://yaoyuzhang1.github.io/



Revisit Leo Breiman’s problems (1995)

Why don’t heavily parameterized neural networks overfit the data?

What is the effective number of parameters?

Why doesn’t backpropagation head for a poor local minima?

When should one stop the backpropagation and use the current parameters?

condensation, optimistic estimate, embedding principle, frequency principle

Our fields would be better off with far fewer theorems, less emphasis on faddish
stuff, and much more scientific inquiry and engineering. But the latter requires real

thinking.

« Suspend your framework, dive into the problem
 Experience before theorize
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