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Failure of traditional wisdom Ana—=s 1N

Large complexity = Large generalization gap

Generalization Gap
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Traditional wisdom: complex models easily overfit




Long-standing problems s=zsorul )

Leo Breiman
1 9 9 5 Statistics Department, University of California, Berkeley, CA 94305;
e-mail: leo @stat.berkeley.edu

Reflections After Refereeing Papers for NIPS

Why don’t heavily parameterized neural networks overfit the data?

What is the effective number of parameters?

Why doesn’t backpropagation head for a poor local minima?

When should one stop the backpropagation and use the current parameters?

How (overparameterized) neural networks control the
complexity of output function during nonlinear training?
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Illustration of Condensation
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Initial: Neurons different After training: Clustered Effective small net

Condense
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Embedding
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Initial: random Training: condense Effect: equiv to small net

Tao Luo, Zhi-Qin John Xu, Zheng Ma, Yaoyu Zhang,

Phase diagram for two-layer ReLU neural networks at infinite-width limit, Journal of Machine Learning Research (2021)



1d example: condensation with small initialization-— ; |

m relu(z) = max(0, z)
fo(x) = Z a; relu(w;x + b;) A; = |aj|\/wj2 +b?
j=1 t
g2u
Tl Test _
0ed * True 107
0.6 + mlo-z—z =
" 1 5 1 o o o epoch o
—

Small initialization: a;(0), w;(0), b;(0)~N (0, 0 %) with small o




Evolution trajectory: change significantly - — |/
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Evolution trajectory: change significantly - — |/
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Cosine similarity:
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Condensation in transformer A== 1l

Low ID Acc High ID Acc High ID Acc
Low OOD Acc Low OOD Acc High~ OOD Acc

]
=

Neuron Index
= -
o ul
o o
Neuron Index
=
o
o

U
(=]

=
(9
o

Neuron Index
=
o
o

50

(9
(=)

I
[

o
Cosine Similarity of Neuron Weights

50 100 150 0 '50 100 150‘ 0 50 100 150
Neuron Index Neuron Index Neuron Index

XWy,Wo,

h XWo,WLXT
Ap(X) =) softmax —
; TOW \/C_Z

HANGHALI JIAO TONG UNIVERSITY



Regime of Condensation

1.Tao Luo, Zhi-Qin John Xu, Zheng Ma, Yaoyu Zhang, “Phase Diagram for Two-layer ReLU Neural
Networks at Infinite-Width Limit,” Journal of Machine Learning Research (JMLR) 22(71):1-47,
(2021).

2.Hanxu Zhou, Qixuan Zhou, Zhenyuan Jin, Tao Luo, Yaoyu Zhang, Zhi-Qin John Xu, “Empirical
Phase Diagram for Three-layer Neural Networks with Infinite Width,” NeurlPS 2022.
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Normalization and scaling parameters P S o}

» Two layer ReLU network

fo(x) = 1 > ago(wlz)  a) ~ N(0,|57), wy ~ N(0,|55a)
k=1

x =[x, 1]"

Wi = [WI{' bk]T

87

» Normalized gradient flow

_ 1
a4k = @ ! Wi = w ? t — t)
o =L k= 5152
d&k 11 e ) m _ .
_dt_ — —ER no('w;mi) (f{ Z akfg(w’:,mi) — Y :
dwy, 1= . mo -
—df = —K ; Zﬁ;ako (wkmz)mz K Z ak,g(wk;mi) -y .
=1 k'=1
» Scaling parameters and infinite-width limit
5152 ;B . ogr log K
— 9 K = — ")/: llm — , — llm _ ’
o B2 m—oo  logm m=oo  logm

Tao Luo, Zhi-Qin John Xu, Zheng Ma, Yaoyu Zhang,

Phase diagram for two-layer ReLU neural networks at infinite-width limit, Journal of Machine Learning Research (2021)



Initialization scheme A=l

~
~

Name N 3 3 K K 8l 8
1 2 logl/k . log 1/k’
(related works) (51@52 ) (%) (ml_mo 1§g41, ) (mlﬂloo ligv/n )
LeCun | /1 1 1 [d 1 !
(LeCun et al., 2012) m d md m 2 2
He 1 /2 2 4 [d 1 1
(He et al., 2015) m d md m 2 2
Xavier 1 2 2 \/ 4 m4-d 1 0
(Glorot and Bengio, 2010) m+1 m+d (m+1)(m+d) m+1
NTK
ym 1 1 L 1 5 0
(Jacot et al., 2018) m
Mean-field
(Mei et al., 2018) m 1 1 = 1 1 0
(Sirignano and Spiliopoulos, 2020)
(Rotskoff and Vanden-Eijnden, 2018)
E et al.
]_ /8 ]_ /8 /8 mlgn 00 I?Eglf:{lﬁ mlgn oo l(l)fglvgmﬁ

(E et al., 2020)

Tao Luo, Zhi-Qin John Xu, Zheng Ma, Yaoyu Zhang, 7 ‘/“ ,; )’){ ﬁ )ﬁ j‘{i

Phase diagram for two-layer ReL.U neural networks at infinite-width limit, Journal of Machine Learning Research (2021) B AGHAL 10 TONG ONIVERATY




When condensation happens (at infinite width limit)? [~

Phase Diagram

| | Linear regime

| Condensed regime

’
.
’ " ’(1* 1) == Critical regime
’
e U;)" Examples:
’_}’, _0 - (o U)«'/‘ ; ® Xavier, Mean field
,,’ (1/2,0) | (1,0) A NTK
e - - E atel. (2020)
a ¥ LeCun, He

ay ~ N(0,87), wy ~ N(0,5;L4)

m logBiBpfa lim logB:/Bs

m-roo logm ' m-—oc log m

Tao Luo, Zhi-Qin John Xu, Zheng Ma, Yaoyu Zhang, 7 ‘/“ ,; )’){ \ﬁr )ﬁ j‘{i
Phase diagram for two-layer ReL.U neural networks at infinite-width limit, Journal of Machine Learning Research (2021) P ——




Regime separation -- theorems
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Theorem 1*. (Informal statement of Theorem 6) If v <1 or~' >~ —1, then with a high
probability over the choice of 8°, we have

lim  sup RD(BO(t)) =0. 20
Jim  sup RD(0u(1) (20

Theorem 2*. (Informal statement of Theorem 8) If v > 1 and ' < v — 1, then with a
high probability over the choice of 8°, we have

lim  sup RD(0,(t)) = +oc. (21)
M—=+00 ¢ [0,+00)
/ -_— - - - - — §
2 V4 1 & \
(1/2,1/2),
| I fo'(x) = - Z a,ko(’w;m) I:
7 =0 ik T :: bl !

:: O = vec({wi}i™ ) I:

|| _ 10u(t) = 0 ()2 i
\\ 162 (0)]]2 A




Feature distribution across the

{(Aka ’L?Jk) ?I?:l

A = |af||lwll2
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Typical cases across the phase diagram- . .~

Linear regime
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Tao Luo, Zhi-Qin John Xu, Zheng Ma, Yaoyu Zhang,

critical regime
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Phase diagram for two-layer ReLU neural networks at infinite-width limit, Journal of Machine Learning Research (2021)
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Phase diagram in three-layer ReLU NN Arssrsrul

; CR for W LR for Wil
B CR for W2, CR for Wl
W LR for W2 CR for W

LR for W LR for Wi

Ezxample :
5/12,1/2
(1,1/2)Y ( ) ® Xavier
! NTK
.................... oo Fonnopnonooo- 72:0
(1.0) , VW Lecun, He
; ax ~ N(0,8), W ~ (0,8), Wi ~(0,8)
: . log 818283 / e . log B3/ B1
. logm logm
CRis short for Condensed Reigme, LR is short for Linear Regime
13 =1

. - o o : 3 ; /,_, A \L
Hanxu Zhou, Qixuan Zhou, Zhenyuan Jin, Tao Luo, Yaoyu Zhang, Zhi-Qin John Xu, /P,é)\@)( 3?

Empirical Phase Diagram for Three-layer Neural Networks with Infinite Width, NeurlPS 2022 HANGHAI JIAD TONG UNIVERSITY



Loss landscape structure
underlying condensation

1.Yaoyu Zhang, Zhongwang Zhang, Tao Luo, Zhi-Qin John Xu, “Embedding Principle of Loss
Landscape of Deep Neural Networks,” NeurlPS 2021 spotlight.

2.Yaoyu Zhang, Yuqing Li, Zhongwang Zhang, Tao Luo, Zhi-Qin John Xu, “Embedding Principle: a
hierarchical structure of loss landscape of deep neural networks,” Journal of Machine Learning,
1(1), pp. 60-113, 2022.

3.Hanxu Zhou, Qixuan Zhou, Tao Luo, Yaoyu Zhang, Zhi-Qin John Xu, “Towards Understanding
the Condensation of Neural Networks at Initial Training,” NeurlPS 2022.

4.Tao Luo, Leyang Zhang, Yaoyu Zhang, “Structure and Gradient Dynamics Near Global Minima
of Two-layer Neural Networks,” arXiv:2309.00508 (2023).
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Typical training behavior with strong condensation.. - [

10

Width-500 tanh-NN (~1500 parameters)




Trajectory of training loss Ag=zsorul L

—— width-500
2] ==- width-1

Training of width-500 tanh NN + training data
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HANGHAI JIAO TONG UNIVERSITY



Initial condensation =5 1ul

—— width-500
2] ==- width-1

Training of width-500 tanh NN + training data

Initial stage ~ 0
100_ /
/ -

10714 -® , , ,
o 10 0 10
o X

10—2-

1073 —— Width-500

1 21 ==- width-3
1(-)1 1(-)3 1(-)5 \ + training data
epoch > 0
_2<
-10 0 10

Hanxu Zhou, Qixuan Zhou, Tao Luo, Yaoyu Zhang, Zhi-Qin John Xu, 4 /p;giﬁx ;{;»s’_i

Towards Understanding the Condensation of Neural Networks at Initial Training, NeurlPS 2022. SHARGRATJAG TONG UNIVERSITY



Loss landscape around 0 and Initial condensation—

0 25 49
0+ A

1.0 0

0.5

w; = Zzl()’i — fo(x))ajo’ (W) x;)x;

251 0.0 25

When @ = 0, then fp(-) = 0(-) :
m

W] =~ a]z 1yi0"(W]Txi)xi 9
1=

If 0'(0) # 0 (e.g. tanh, swish, gelu):

~1.0 49

(a) tanh(z) (b) x tanh(x)

m
w; = a;jo’(0) E . 1)’ixi
1=

1. No coupling between w; and w/!

ii. 2 limiting directions: + )."" ; y;x;.
(c) z° tanh(z) (d) ReLU(x)

Hanxu Zhou, Qixuan Zhou, Tao Luo, Yaoyu Zhang, Zhi-Qin John Xu,

Al
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Towards Understanding the Condensation of Neural Networks at Initial Training, NeurlPS 2022.



Intermediate condensation
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Training of width-500 tanh NN

100 .

10—1 -

loss

10—2 -

10—3-

Intermediate stage
10} 103
epoch

Zhang, Zhang, Luo, Xu, NeurlPS 2021 spotlight.
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Zhang, Li, Zhang, Luo, Xu, Journal of Machine Learning 2022.
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Condensed critical points for intermediate stage—--

ose Embedding Principle
(informal Theorem)
The loss landscape of any network contains”
all critical points of all narrower networks.

10_11

1072/
Equivalent Statement

C C
Tnarr < wide’

where F¢ = {fy(:)|VRs(60) = 0}.

10—3_

epoch

Observation:

Width similarity Implication of theory:

simple condensed critical points are common

Zhang, Zhang, Luo, Xu, NeurlPS 2021 spotlight.

Zhang, Li, Zhang, Luo, Xu, Journal of Machine Learning 2022.



hierarchical structure of DNN loss landscape . ——

Simple - Complex

Simple - Complex
p p / Tfmlt%

e
F1 F5 I 52,1} T{Z 2}

N J ) e | Fe
O - 1,1 {12

Zhang, Li, Zhang, Luo, Xu, Journal of Machine Learning 2022.



Example: identification of critical points and functions

500 tanh neuron

N ) J—

///r N / ) N

>4 F ‘;,i/ 500 sl
K j ~10

Zhang, Li, Zhang, Luo, Xu, Journal of Machine Learning 2022.



Embedding principle P o
One-step splitting embedding T: RMnarr — RMwide

_______________

coo o selit
I ———————
Aﬂ
[+1 O
ﬁ 1
one-step
[ |
ﬁ O O embedding>
S d o

Theorem: One-step splitting embedding T with 0,jge = T(Opnarr) satisfies:

(i) output preserving: fp _(x) = fp .. (X);
(ii) criticality preserving: If VRs(0,,) = 0, then VR(0yige) = O.

Zhang, Li, Zhang, Luo, Xu, Journal of Machine Learning 2022.




Existance of condensed critical points---embedding principle |

Initial: Neurons different After training: Clustered Effective small net

A AGS
| O

Embedding




Final condensation A== 1uN|

—— width-500
2] ==- width-1

Training of width-500 tanh NN + training data

. > 0]
100 _—— )

10_1- ’/ ' | |
- ~10 0 10
o X

10—2-

1073 —— Width-500

2{ ==- width-3
1(-)1 1(-)3 * training data
epoch . > 01
final stage
_2<
-10 0 10

Tao Luo, Leyang Zhang, Yaoyu Zhang, “ /p;@:){ﬁ)@?

Structure and Gradient Dynamics Near Global Minima of Two-layer Neural Networks, arXiv:2309.00508 (2023) SHANGHAL 40 TONG UNIVERSTTY



Geometry of global-min: simpler f*, higher-dim @*. ; "

# Model: F(6)(x) = a;0(w]x)+ ayo(wlx), x € R?,0 € R®

» Target: f* = ao(wTx)
® Target Set Q* = F~1(f*) generally consists of three “branches” (sets)

/¢ﬁ§§§§§§ »s SsS

@ Q1 ={(apwri—r:wi =w, =W,a; +a, = aj. \{/Qz ~"a \\\
(b) Q= {(awiioiiws =W,a; = @,a, = 0}, \
_ _ \ \
(©) Q3 = {(ak» Widk=1:Wp = W,a; = 4,07 = O}° \ Y
s —
Voo !
. : -1 \ I
As sample size n increases, how Ls™(0) _ i
AN I => I
. _1 N % \\\ ] \\\ I
global min Lg"(0) shrinks to Q*? . I . !

Tao Luo, Leyang Zhang, Yaoyu Zhang,
Structure and Gradient Dynamics Near Global Minima of Two-layer Neural Networks, arXiv:2309.00508 (2023)



ometry of global minima for final condensation-- |
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Tao Luo, Leyang Zhang, Yaoyu Zhang,
Structure and Gradient Dynamics Near Global Minima of Two-layer Neural Networks, arXiv:2309.00508 (2023)



Typical convergence rate for final condensation - |

Q- Qs
T
0,
Gradient flows near Q™:

¥4 - sublinear rate;
Y2, V3. linear rate.

Q1 — 01 /

/ V3

Tao Luo, Leyang Zhang, Yaoyu Zhang,

Structure and Gradient Dynamics Near Global Minima of Two-layer Neural Networks, arXiv:2309.00508 (2023)



Stability of target branches underlies final condensation

Theorem 5.4 (recovery stability). Given mg < r < m, partition P and permutation w and separating inputs
{zi} . Then no point in Q% _ is recovery stable when n < r+ (r—1)d (I is the deficient number of P), and

almost all points in Q's . are recovery stable when n > r + (m + mo — r)d. Moreover, all points in Q* are
H
recovery stable when n > (d + 1)m, namely, Q* is recovery stable.

Sample size/Branches

v 7 any point in Q* is recovery stable

Tao Luo, Leyang Zhang, Yaoyu Zhang,

Structure and Gradient Dynamics Near Global Minima of Two-layer Neural Networks, arXiv:2309.00508 (2023)



Generalization advantage o
condensation

1. Yaoyu Zhang, Zhongwang Zhang, Leyang Zhang, Zhiwei Bai, Tao Luo, Zhi-Qin John Xu, Linear
Stability Hypothesis and Rank Stratification for Nonlinear Models. arXiv:2211.11623, (2022).

2. Yaoyu Zhang, Zhongwang Zhang, Leyang Zhang, Zhiwei Bai, Tao Luo, Zhi-Qin John Xu,
Optimistic Estimate Uncovers the Potential of Nonlinear Models. arXiv:2307.08921, (2023).

3. Yaoyu Zhang, Leyang Zhang, Zhongwang Zhang and Zhiwei Bai, Local Linear Recovery
Guarantee of Deep Neural Networks at Overparameterization. arXiv:2406.18035, (2024).
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Generalization consequence of condensation  — - |

Large initialization
(no condensation)

output epoch=49999

Small initialization
(Strong condensation)

1.0~

0.8 1

0.6 4

0.4 1

0.2 1

0.0 4

g2u

Test
* True




Condensation improves sample efficiency - — .
How many samples are required to recover f* by NN, ige?

o AN

optimistic
sample size

}W condense A/\/\/\ parameter

& & 5 @ & count
NNywide Nparr (equiv)

Yaoyu Zhang, Leyang Zhang, Zhongwang Zhang and Zhiwei Bai,

Local Linear Recovery Guarantee of Deep Neural Networks at Overparameterization. arXiv:2406.18035, (2024).



Quantification of condensation--model rank -~ — ., |~

Model:
F:RM - F c C(RY)
Model rank:
rg := rank DF(0) = dim Im(DF(H))

= dim span {aHLF(B)()}iVil

Intuition: effective degrees of freedom at 0

M
FO+8)() ~ FO))+ ) 09FO)()5,

Yaoyu Zhang, Leyang Zhang, Zhongwang Zhang and Zhiwei Bai,

Local Linear Recovery Guarantee of Deep Neural Networks at Overparameterization. arXiv:2406.18035, (2024).



lower model rank signifies stronger condensation—. .

Example:
F(0)(x) = a;tanh(w;x) + a,tanh(w,x)
Model rank:
dim span{tanh(w; x), a;tanh’(w; x)x, tanh(w,x), a,tanh’(w,x)x}

« Condensed(w; = +w,):
To <?2

« Not condensed(w; # tw,# 0,a; # 0,a, # 0):
T = 4

Yaoyu Zhang, Leyang Zhang, Zhongwang Zhang and Zhiwei Bai,

Local Linear Recovery Guarantee of Deep Neural Networks at Overparameterization. arXiv:2406.18035, (2024).



Optimistic sample size estimate Ae=a
Model:

F:RM - F c C(RY)
Model rank:

rg = dim span {agiF(e)(')}?il

Optimistic sample size (f* € F) :

O = eezglilr(lf*) e F7H(f7): Target set

Intuitive procedure:

Yaoyu Zhang, Leyang Zhang, Zhongwang Zhang and Zhiwei Bai,

Local Linear Recovery Guarantee of Deep Neural Networks at Overparameterization. arXiv:2406.18035, (2024).



Optimistic sample size reflects practice

Theorem 5 (optimistic sample sizes for two-layer tanh-NN). Given a two-layer NN fg(x) =
S a;tanh(wlz),x € RY 0 = (a;, w;)™,, for any target function f* € FaN\Fooy with

< k < m, the optimistic sample size

O, (f*) =k(d+1). vs. | m(d+1)
optimistic pessimistic
O =21 M = 63

IIOO

3X

1073
practical IIO"‘
(well-tuned)

/ A AN l__;: |TL L

Yaoyu Zhang*, Leyang Zhang, Zhongwang Zhang and Zhiwei Bai, Local Linear Recovery Guarantee of Deep Neural Networks at Overparameterization. arXiv:2406.18035, (2024).



Optimistic sample size reflects practice

Theorem 5 (optimistic sample sizes for two-layer tanh-NN). Given a two-layer NN fo(x) =
S aitanh(wlz),xz € R, 0 = (a;,w;)™,, for any target function f* € FAN\Foy with

0 < k < m, the optimistic sample size

O, (f*) =k(d+1). vs. | m(d+1)
optimistic pessimistic
Op =21 M= 2100
100X -. _ -
practical
(well-tuned) PN ]
2 N @S VA1 |

Yaoyu Zhang*, Leyang Zhang, Zhongwang Zhang and Zhiwei Bai, Local Linear Recovery Guarantee of Deep Neural Networks at Overparameterization. arXiv:2406.18035, (2024).



Impact of width—Deep NNs

r N . ) ) h
| Theorem 4 (upper bound of optimistic sample size for DNNs). Given any NN with M;qe

|
| |
|pmmnf>fms for any function in the function space of a narrower NN with M. parameters |
|
|

| "and for any f* € Fuarr, we have Oy (f7) < Ofy  (f*) < Mparr.

wide « J

Y
wider network is sample efficient

=
-~ .Iu'r ‘——';'f'\,

/YN\TF=TSITU

Yaoyu Zhang*, Leyang Zhang, Zhongwang Zhang and Zhiwei Bai, Local Linear Recovery Guarantee of Deep Neural Networks at Overparameterization. arXiv:2406.18035, (2024).



-

Sample inefficient:
Adding (unnecessary)
connections worsens
generalization

Sample efficient:
Increasing width doesn't
harm generalization
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Inspiration

Principle of model scaling

« Freely increase width

» Refrain from adding connection

vs. Scaling of brain
« mouse: ~10% neurons, ~103 — 10* connections/neuron

« human: ~10 neurons, ~103 — 10* connections/neuron
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Condensation improves sample efficiency -,

* Picture of sample size requirement for nonlinear models

optimistic ~ practical  pessimistic

0 0, l M
 -———

Ways to facilitate condensation:
smaller initialization, dropout, larger weight decay, large learning rate




The origin of condensation ==
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Permutation symmetry - sample efficiency preserving ..

Permutation symmetry: eg,j,j' € [m;_4]

mp—q _ _ —
f[l](x; 9) = U(Z W,[;' 1]J (WF Z]f[l—Z](x; 0) + bj[l 2]) + b[1—1])

Theorem(informal):

permutation-invariant manifolds are invariant manifolds of gradient flow.

[1-1] [1-2] ;. [l-2]) _ [1—-1] [1-2] , [1-2]
e.g, (Wi, wi=? b2 = (wlt ] wli=2] pl=2])

Permutation symmetry - invariant manifolds (equiv to smaller network)
- optimistically as efficient as smaller networks

P
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&) Permutation symmetry in Transformer

permutation symmetry -> optimistic sample efficiency preserving

Permutation symmetric:
» Embedding dim: Amodel

. . - |
> Attention mat dim: d Scale up freely!
> Heads: h
i XWo WIXT
Ay(X) = Zsoftmax O K XWy, WJ_
i—1 v Vd : -
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KAN (Kolmogorov—Arnold Networks)

KAN:
ik d Experiment
fo(®) = fo(z1,- - za) = > B| D g (z5)
i=1 j=1
1072 -+&- KAN Train Loss (Width)
width: permutation symmetric —&— KAN Test Loss (#Vidth)
1077 -4 - KAN Train Log§ (Grid)
Increase m preserves sample efficiency % 104 —4— KAN Test Lgbs (Grid)
(@]
-
107>
G * ] v
®;(z) or ¢; j(x) = Z ¢iBi(z),0 = {c;} is learnable 107 Rt '
2 10! 10°

grid: no symmetry Parameter Size(M)

Increase G reduces sample efficiency -
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Our series works on condensation A== 1N

Al. Regime of condensation—phase diagram series

1.Tao Luo, Zhi-Qin John Xu, Zheng Ma, Yaoyu Zhang, “Phase Diagram for Two-layer ReLU Neural Networks at Infinite-Width Limit,” Journal of
Machine Learning Research (JMLR) 22(71):1-47, (2021).

2.Hanxu Zhou, Qixuan Zhou, Zhenyuan Jin, Tao Luo, Yaoyu Zhang, Zhi-Qin John Xu, “Empirical Phase Diagram for Three-layer Neural Networks
with Infinite Width,” NeurlPS 2022.

A2. Loss landscape structure—embedding principle series

1.Yaoyu Zhang, Zhongwang Zhang, Tao Luo, Zhi-Qin John Xu, “Embedding Principle of Loss Landscape of Deep Neural Networks,” NeurlPS
2021 spotlight.

2.Yaoyu Zhang, Yuqing Li, Zhongwang Zhang, Tao Luo, Zhi-Qin John Xu, “Embedding Principle: a hierarchical structure of loss landscape of deep
neural networks,” Journal of Machine Learning, 1(1), pp. 60-113, 2022.

3.Hanxu Zhou, Qixuan Zhou, Tao Luo, Yaoyu Zhang, Zhi-Qin John Xu, “Towards Understanding the Condensation of Neural Networks at Initial
Training,” NeurlPS 2022.

4.Zhiwei Bali, Tao Luo, Zhi-Qin John Xu, Yaoyu Zhang, “Embedding Principle in Depth for the Loss Landscape Analysis of Deep Neural
Networks,” CSIAM Trans. Appl. Math., 5 (2024), pp. 350-389.

A3. Generalization advantage—optimistic estimate series

1.Yaoyu Zhang, Zhongwang Zhang, Leyang Zhang, Zhiwei Bai, Tao Luo, Zhi-Qin John Xu, “Linear Stability Hypothesis and Rank Stratification for
Nonlinear Models,” arXiv:2211.11623 (2022).

2.Yaoyu Zhang, Zhongwang Zhang, Leyang Zhang, Zhiwei Bai, Tao Luo, Zhi-Qin John Xu, “Optimistic Estimate Uncovers the Potential of
Nonlinear Models,” arXiv:2307.08921 (2023).

3.Yaoyu Zhang, Leyang Zhang, Zhongwang Zhang, Zhiwei Bal, “Local Linear Recovery Guarantee of Deep Neural Networks at
Overparameterization,” arXiv:2406.18035 (2024).

4.Tao Luo, Leyang Zhang, Yaoyu Zhang, “Structure and Gradient Dynamics Near Global Minima of Two-layer Neural Networks,” arXiv:2309.00508
(2023).

See more works on my personal website: https://yaoyuzhang1.github.io/ my) YERAA%

HANGHAI JIAO TONG UNIVERSITY



https://yaoyuzhang1.github.io/file/A1/Phase%20diagram%20for%20two-layer%20relu%20neural%20networks%20at%20infinite-width%20limit.pdf
https://yaoyuzhang1.github.io/file/A1/Empirical%20Phase%20Diagram%20for%20Three-layer%20Neural%20Networks%20with%20Infinite%20Width.pdf
https://yaoyuzhang1.github.io/file/A1/Empirical%20Phase%20Diagram%20for%20Three-layer%20Neural%20Networks%20with%20Infinite%20Width.pdf
https://yaoyuzhang1.github.io/file/A2/Embedding%20Principle%20of%20Loss%20Landscape%20of%20Deep%20Neural%20Networks.pdf
https://yaoyuzhang1.github.io/file/A2/Embedding%20Principle%20a%20hierarchical%20structure%20of%20loss%20landscape%20of%20deep%20neural%20networks.pdf
https://yaoyuzhang1.github.io/file/A2/Embedding%20Principle%20a%20hierarchical%20structure%20of%20loss%20landscape%20of%20deep%20neural%20networks.pdf
https://yaoyuzhang1.github.io/file/A2/Towards%20Understanding%20the%20Condensation%20of%20Neural%20Networks%20at%20Initial%20training.pdf
https://yaoyuzhang1.github.io/file/A2/Towards%20Understanding%20the%20Condensation%20of%20Neural%20Networks%20at%20Initial%20training.pdf
https://yaoyuzhang1.github.io/file/A2/Embedding%20Principle%20in%20Depth%20for%20the%20Loss%20Landscape%20Analysis%20of%20Deep%20neural%20networks.pdf
https://yaoyuzhang1.github.io/file/A2/Embedding%20Principle%20in%20Depth%20for%20the%20Loss%20Landscape%20Analysis%20of%20Deep%20neural%20networks.pdf
https://yaoyuzhang1.github.io/file/A3/Linear%20Stability%20Hypothesis%20and%20Rank%20Stratification%20for%20Nonlinear%20Models.pdf
https://yaoyuzhang1.github.io/file/A3/Linear%20Stability%20Hypothesis%20and%20Rank%20Stratification%20for%20Nonlinear%20Models.pdf
https://yaoyuzhang1.github.io/file/A3/Optimistic%20Estimate%20Uncovers%20the%20Potential%20of%20Nonlinear%20Models.pdf
https://yaoyuzhang1.github.io/file/A3/Optimistic%20Estimate%20Uncovers%20the%20Potential%20of%20Nonlinear%20Models.pdf
https://yaoyuzhang1.github.io/file/A3/Local%20Linear%20Recovery%20Guarantee%20of%20Deep%20Neural%20Networks%20at%20Overparameterization.pdf
https://yaoyuzhang1.github.io/file/A3/Local%20Linear%20Recovery%20Guarantee%20of%20Deep%20Neural%20Networks%20at%20Overparameterization.pdf
https://yaoyuzhang1.github.io/file/A3/Structure%20and%20Gradient%20Dynamics%20Near%20Global%20Minima%20of%20Two-layer%20Neural%20Networks.pdf

Overview of our works on condensation

V criticaNsets

See more works on my personal website: https://yaoyuzhang1.github.io/
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