
Dynamics of Deep Neural Networks
-- A Fourier Analysis Perspective

Yaoyu Zhang



Problem of fitting a 1-d function from data

Find an interpolation of 𝒟: (𝑥𝑖 , 𝑦𝑖) 𝑖=1
𝑁 in ℋ: {ℎ ⋅; Θ |Θ ∈ ℝ𝑀}

Example: 
ℎ 𝑥; Θ = 𝜃1 + 𝜃2𝑥 +⋯+ 𝜃𝑀𝑥

𝑀−1 with 𝑀 = 𝑁

Conventional wisdom: 𝑀 < 𝑁.

Lei Wu, Zhanxing Zhu, Weinan E, 2017 

Modern wisdom?

Using neural network with 𝑀 ≫ 𝑁.



ℎ 𝑥; Θ = ℎ 𝐻

ℎ[𝑗] = 𝜎 𝑊 𝑗 ℎ 𝑗−1 + 𝑏 𝑗

Θ: 𝑊 𝑗 , 𝑏 𝑗
𝑗=1,⋯,𝐻

Data: 𝑥𝑖 , 𝑦𝑖 𝑖=1
𝑁

𝐿 Θ = σ𝑖=1
𝑁 ℎ 𝑥𝑖; Θ − 𝑦𝑖

2

Deep Neural Network Dynamics

ሶΘ = −∇Θ𝐿 Θ

𝑡 ↦ Θ(𝑡)

𝑡 ↦ ℎ 𝑥, 𝑡 ≔ ℎ(𝑥; Θ(𝑡))

Dynamics is the key to the 
“preference” of DNN.

Example: Two-layer NN

ℎ 𝑥; 𝛩 =෍
𝑖=1

𝑠

𝑤𝑖
2
𝜎(𝑤𝑖

1
𝑥 + 𝑏𝑖

[1]
)



How DNNs fit a 1-d function?

Study ℎ 𝑥, 𝑡 through the lens of Fourier transform

• Phenomenon

• Effective model

• Analysis



Evolution of 𝒉(𝒙, 𝒕)



Through the lens of Fourier transform ෡𝒉(𝝃, 𝒕)

Frequency Principle (F-Principle):
DNNs often fit target functions from low to high frequencies 
during the training process.



Linear F-Principle dynamics

2-layer NN: ℎ 𝑥; 𝛩 = σ𝑖=1
𝑠 𝑤𝑖ReLU(𝑟𝑖(𝑥 + 𝑙𝑖))

𝑟2𝑤2 = var(𝑟 0 𝑤(0)), 𝑟2 = var(𝑟 0 ), 𝑤2 = var(𝑤(0))

𝑓: target function; ⋅ 𝑝 = (⋅)𝑝,where 𝑝 𝑥 =
1

𝑁
σ𝑖=1
𝑁 𝛿(𝑥 − 𝑥𝑖); 

Ƹ⋅: Fourier transform; 𝜉: frequency

𝑠 sufficiently large

ReLU

aliasing

𝜕𝑡 ෠ℎ 𝜉, 𝑡 = −
4𝜋2 𝑟2𝑤2

𝜉2
+

𝑟2 + 𝑤2

𝜉4
෢ℎ𝑝 𝜉, 𝑡 − ෡𝑓𝑝 𝜉, 𝑡



𝜕𝑡 ෠ℎ 𝜉, 𝑡 = −
4𝜋2 𝑟2𝑤2

𝜉2
+

𝑟2 + 𝑤2

𝜉4
෢ℎ𝑝 𝜉, 𝑡 − ෡𝑓𝑝 𝜉, 𝑡

Preference induced by LFP dynamics

min
ℎ∈𝐹𝛾

׬
4𝜋2 𝑟2𝑤2

𝜉2
+

𝑟2 + 𝑤2

𝜉4

−1
෠ℎ 𝜉

2
d𝜉

s.t. ℎ 𝑥𝑖 = 𝑦𝑖 for 𝑖 = 1,⋯ ,𝑁

low frequency 
preference

Case 1: 𝜉−2 dominant 

• min׬ 𝜉2 ෠ℎ 𝜉
2
d𝜉~min ׬ ℎ′(𝑥) 2 d𝜉 → piecewise linear

Case 2: 𝜉−4 dominant

• min׬ 𝜉4 ෠ℎ 𝜉
2
d𝜉~min׬ ℎ′′(𝑥) 2 d𝜉 → cubic spline



Regularity can be changed through initialization

Case 1
𝑟2 + 𝑤2 ≫ 4𝜋2 𝑟2𝑤2

Case 2
4𝜋2 𝑟2𝑤2 ≫ 𝑟2 + 𝑤2

minන𝜉2 ෠ℎ 𝜉
2
d𝜉 minන𝜉4 ෠ℎ 𝜉

2
d𝜉



FP-norm and FP-space

A priori generalization error bound

NNs fit low frequency 
functions better



How NNs find a “good” interpolation of 𝒟: (𝑥𝑖 , 𝑦𝑖) 𝑖=1
𝑁

in ℋ: {ℎ ⋅; Θ |Θ ∈ ℝ𝑀} for  𝑀 ≫ 𝑁?

initialization of Θ
regularity of 𝜎(⋅)

ሶΘ = −∇Θ𝐿 Θ A function in ℋ that:
1. fits the data.
2. has “specific regularity”

An ultimate answer: mathematics that explains

initialization of Θ
regularity of 𝜎(⋅)
architecture 
(depth, width,…)
optimization alg

ሶΘ = −∇Θ𝐿 Θ A function in ℋ that:
1. fits the data.
2. has “specific structure”



DNNs love low 
frequencies!
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