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Problem of fitting a 1-d function from data

Find an interpolation of D: {(x;, ;) }\=q in H:{h(-; ©)|® € RM}

Example:

h(x;0) =0, + 0,x + -+ 0y xM™ T withM =N
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Conventional wisdom: M < N. _10|

Modern wisdom?
Using neural network with M > N.
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Deep Neural Network Dynamics

Data: {(x;, ¥ }iz1
L(0) = XiL1(h(x;0) — y1)?

input layer

Dynamics is the key to the
“preference” of DNN.

t - 0O(t)
t = h(x,t) := h(x;0(t))

Example: Two-layer NN

S
h(x; 0) = z W-[z]a(w-[l]x + bl.[l])
i=1
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How DNN:s fit a 1-d function?

Study h(x,t) through the lens of Fourier transform
* Phenomenon

e Effective model
* Analysis



Evolution of h(x, t)
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Through the lens of Fourier transform h(&, t)
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Frequency Principle (F-Principle):
DNNSs often fit target functions from low to high frequencies
during the training process.



Linear F-Principle dynamics

2-layer NN: h(x; 0) = Y;_{ w;ReLU(r;(x + [;)) RelU

s sufficiently large

8, RO = — 4% (r?w?) . (r?) + (w?) (

62 54 l/l;(f, t) _fz\?(fJ t))

(r?w?) = var(r(0)w(0)), (r?) = var(r(0)), (w?) = var(w(0))

f: target function; (-),, = (-)p,where p(x) = %Z{\Ll d(x — x;);
*: Fourier transform; &: frequency

aliasing £\ /N /N /N



Preference induced by LFP dynamics

R A2 (22 2 AN I _
0: h(£,0) = —l - <; i Mi’ >;<W >] (7. ) - f (&)
low frequency | . an2(r2w?) (12w a2
preference irzrélF?f[ &2 T &4 ] |h(€)| @

s.t. h(x;) =y;fori=1,---,N

Case 1: £ 72 dominant

° minf§2|ﬁ(€)|2 dé~min [|h'(x)|* d¢ — piecewise linear
Case 2: £~* dominant

: minff4|fl(§)|2 dé~min [|h"(x)]? d¢ — cubic spline



Regularity can be changed through initialization

Casel Case 2
(r2) + (w?) >» 4n2(r?w?) A% (r?w?) >» (r?) + (w?)
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FP-norm and FP-space

FP-norm for all function & € L*(Q):

> (y(k))zw’%(knz) .
kezd
Fy(Q) = {h € L*(Q) : ||h]l,, < eo}.

1ally = Hi/\lHHr =

A priori generalization error bound

Theorem  Suppose that the real-valued target function [ € F,(Q), the training dataset {x;; y; f‘f {
satisfies y; = f(x;), i = 1,---, M, and hyy is the solution of the regularized model

min h — hinill,, st hixj) =y, 1i=1,--,M. 17
h—hm e (Q) ” 1n1||y § (xz) i ! (17)
Then we have

(i) given y : Z¢ — R*, for any 6 € (0, 1), with probability at least 1 — § over the random training
samples, the population risk has the bound

2 2log(4
Lihas) 17 =l vl ( 24y %/5)) | (18)

NNs fit low frequency
functions better




How NNs find a “good” interpolation of D: {(x;, ¥;) He1
in H:{h(-;0)|0 € RM}for M > N?

_VGL(@) A function in H that:
> 1. fits the data.
2. has “specific regularity

initializationof @ © =
regularity of o(+)

V4

An ultimate answer: mathematics that explains

initialization of ® .

regularity of o (+) © =—VeoL(©
architecture

(depth, width,...)

optimization alg

) A function in H that:
» 1. fits the data.
2. has “specific structure”




DNNs love low
frequencies!
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